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Abstract

A Hopf bundle framework is constructed within C", in terms of which
general paths on C"\ {0} are viewed and analyzed. The resulting hier-
archy of spaces is addressed both theoretically and numerically, and the
consequences for numerics and applications are investigated through a

wide range of numerical experiments.

The geometric reframing of C™ in this way - in terms of an intrinsic fibre
bundle - allows for the introduction of bundle-theoretic quantities in a
general dynamical setting. The roles of the various structural elements
of the bundle are explored, including horizontal and vertical subspaces,
parallel translation and connections. These concepts lead naturally to
the association of a unique geometric phase with each path on C"\ {0}.
This phase quantity is interpreted as a measure of the spinning in the
St fibre of the Hopf bundle induced by paths on C™\ {0}, relative to a

given connection, and is shown to be an important quantity.

The implications of adopting this bundle viewpoint are investigated in
two specific contexts. The first is the case of the lowest-dimensional
Hopf bundle, S* — S% — S?. Here the quaternionic matrices are used
to develop a simplified, geometrically intuitive formulation of the bundle
structure, and a reduced expression for the phase is used to compute nu-
merical phase results in three example systems. The second is the case
where paths in C" \ {0} are generated by solutions to a particular class
of parameter-dependent first-order ODEs. This establishes a direct link
between the dynamical characteristics of such systems and the underly-
ing bundle geometry. A variety of systems are examined and numerical
phase results compiled. The numerics reveal an important correlation
between the spectral properties of the path-generating ODEs and the
resultant geometric phase change values. The details of this observed

link are recorded in a conjecture.
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Chapter 1

Introduction

This thesis explores the concept of geometrically reframing a class of dynamical
problems in order to expose and utilize elements of underlying structure. The focus
of the investigation is the Hopf bundle. This is an S! fibre bundle, which may
be regarded as sitting within each copy of C" \ {0}. Paths of vectors in C™\ {0}
are described and analyzed in terms of this framework, giving rise to geometrical
elements rarely considered in the context of such paths, let alone in the context of
the dynamical systems which often generate them. The geometrical phase associated
with any such path is a measure of the motion induced within the S* fibres of the
bundle by the path on C" \ {0}; it is seen to be an important quantity. This work
addresses these concepts not only from a theoretical perspective, but also from a
numerical perspective, with emphasis placed on the practical computation of the

phase and other related numerical results.

1.1 Overview

The Hopf bundle St — S?"~! — CP"! is a principal fibre bundle with fibre S and
total space S*"~1. Standard spherical projection maps paths in C*\ {0} to paths on
S27=1 which may then be viewed in terms of this bundle structure. This procedure
provides a way of dividing up the motion of paths induced on S**~! in to motion on
the base manifold CP™~! plus motion in the fibres S'. We are thus able to associate
bundle-theoretic quantities and characteristics with general paths on C™\ {0}.

In order to fully describe motion induced within fibres, a connection is required.
This is a mathematical rule defining how to pass horizontally from fibre to fibre
within the bundle; it is essentially a way of calibrating motion in the fibres of the

bundle. This work develops all of these concepts in detail, showing precisely how



1.1 Overview

they fit together to culminate in the observation that each path in C" \ {0} has
associated with it a unique phase quantity which describes the spinning in the fibres
induced by the motion on C™ \ {0}, relative to some given calibration. Often called
the geometric phase, this quantity can be thought of as an underlying geometric
“ticking-clock” mechanism associated with any such path. Of particular interest is
the phase change associated with closed paths in C"\ {0}. The choice of connection
is seen to be central to the calculation of the phase.

The lowest-dimensional (n = 2) case provides an opportunity to gain an intuitive
understanding of the geometrical structures in use here. In this case the bundle
is called the classical Hopf bundle, S' — S® — S2? and the spaces are of low
enough dimension for aspects of the geometry to be concretely visualizable. The
horizontal and vertical spaces of this bundle are described in terms of the well-
known quaternionic matrices, and this leads to simplified, explicit expressions for
all the geometric features considered.

The thesis then proceeds to consider the subject from a numerical perspective,
describing the development of several Matlab programs which compute the geomet-
rical phase for certain classes of paths in C" \ {0}. Both the C? case (using the
reduced quaternionic matrix formulation) and the general C" case are addressed.
For most of the numerical phase calculations, the starting point is a system of the

form

uy = Az, \u
relCR, AeAcCC, ueC"\{0}, AeM,(C) (1.1)

with given boundary conditions, where A(z, A) is an n X n matrix depending analyt-
ically on A\ and differentiably on x, and I and A are given subsets. The typical case
considered is when A is an eigenvalue parameter, the z-domain is doubly-infinite
(I = R), and the matrix A(x, \) is asymptotically constant w.r.t. x in both direc-
tions:

As(N) == :r1—1>r:iloo Az, ) VAeA (1.2)

A number of paths in C" \ {0} are defined with reference to this system, some
explicitly in terms of its solutions. Computation of the phase associated with such
paths creates a direct bridge between dynamical properties of the system and the
underlying bundle structure defined here. Initial numerical results lead to the central
conjecture of the thesis, which implies that computing the phase change associated
with a very specific form of closed path in C™\ {0} allows us to calculate the locations

of discrete eigenvalues A of the system (1.1) used to generate that path.

2



1.2 Background and motivation

The remainder of the thesis investigates numerical phase results in a range of sys-
tems associated with different physical problems, of varying dimension and asymp-
totic structure. Current research problems are addressed and the results, often
supportive of the central conjecture, are fascinating. These numerics constitute an

investigation of the Hopf fibre bundle and the induced phase in a numerical context.

1.2 Background and motivation

Eigenvalue/eigenfunction systems of the form (1.1), (1.2) arise frequently in a wide
range of applications, including hydrodynamics, quantum physics and physiology.
Linear systems such as these commonly result from the linearization of a nonlin-
ear system, for example during the linearization of a PDE about a solitary wave
solution. Such spectral problems have recently been addressed using exterior alge-
bra and the Evans function, to determine discrete eigenvalues which correspond to
bounded eigenfunctions, as described in [1]. The analyses involve (i) determining
the eigenvectors and eigenvalues of A, (), (ii) selecting the most attractive and
most repellent eigenvectors (i.e. those corresponding to eigenvalues of most positive
and most negative real parts), (i) integrating the system u, = Au separately from
each of these initial condition vectors along 1-dimensional spaces, and finally (iv)
applying a matching (Evans) function to the resulting solutions to determine the
admissibility of the solution as a whole. The details of this, the Evans function
method, are not relevant to this work, however the technique does illustrate the
importance of preferred subspaces in asymptotic problems like this. Indeed this
observation originally motivated many of the ideas of this thesis - specifically the
notion of using structures inherent to a problem to break up the system space in to
smaller spaces, such as 1-dimensional spaces, e.g. S! fibres.

The Evans function method is applied in [2] and [3] to the stability analyses of
solutions in hydrodynamics, in [4] to the stability analysis of travelling wave solutions
of a KdV-Burgers equation, in [5] to the stability analysis of a Hocking-Stewartson
pulse solution to the complex Ginzburg-Landau equation, and in [6] to the stability
analysis of solutions of the fifth-order KdV equation.

A topic closely related to this work is the Berry phase in quantum mechanics,

although expositions of this concept deal exclusively in quantum systems, as seen

in [7], [8], [9] and [14].



1.3 The test-case

1.3 The test-case

Throughout the work we refer to the following system on C?, which we call the

“test-case”:

upy = Alz, N)u, z€R, AeA=C\{(—o0,—1]}, u= ( “ ) eC? (1.3)

where
0 1
Alz, A = ()\+1—2f(x) o) (1.4)
flz) = ;sech%a: (1.5)

This system is derived from a PDE problem in quantum mechanics; it is of the
form (1.1), (1.2) and is amenable to analysis in the n = 2 classical Hopf bundle
framework as described above. It is analytically solvable and has isolated eigenvalues
A= —3/4,0,5/4 and a continuous spectrum on the real axis along (—oo, —1] (which
explains the choice of A). The system-at-infinity is
A(N) = lim Az, \) = < 01 > (1.6)
A+1 0

z—=+o00

which has eigenvalues pi(A) = FvA+ 1 with associated eigenvectors &x(A) =
1
< VAT ) For the eigenvector of A, () corresponding to the eigenvalue of

most negative real part write

w0 =60 = _ i1 ) (1.7

Remark 1.3.1. As notation, for u € C" the complex conjugate transpose is written

u .= a”, and the norm is |u| = (uu)'/2.

1.4 Thesis outline

Broadly speaking, the first half of the thesis concerns theoretical developments, while
the second half concerns numerical investigations.

Chapter 2 is a review of fibre bundle theory. It is intuitive and geometric in
nature, with great emphasis placed on visualizing the various structures involved.
This approach is particularly appropriate given the numerical context of many of

the later results, and the consequent need for a solid geometrical interpretation.



1.4 Thesis outline

Chapter 3 develops the Hopf bundle framework in detail, including local co-
ordinates, parallel translation and the natural connection. It sets out the logical
sequence of concepts leading to the precise description of the phase associated with
a path in C" \ {0}, for both general paths and paths generated by solving linear
systems.

Chapter 4 considers the n = 2 classical Hopf bundle in closer detail. Simplified
expressions for bundle elements are derived in terms of the quaternionic matrices.
Connections are considered, and the natural connection is shown to be the only
connection in this bundle. A simplified expression for the phase is derived, again in
terms of the quaternionic matrices, and numerical phase results for three systems
are presented, the last of which is the test-case.

Chapter 5 focuses on numerically investigating phase results in the test-case
system, using the general n-complex-dimensional formulation (as opposed to the
quaternionic matrix description of the previous chapter). Three types of path in the
system space C? are defined, referred to as 7, 72 and 73 paths. Phases associated
with these types of paths are computed and the results discussed. This leads to
the central conjecture of the thesis. The chapter ends with some related numerical
results.

Chapter 6 extends the numerical investigations to cover three more systems: the
Hocking-Stewartson pulse system, the Rayleigh equation system and a Schrodinger
equation system. Numerical results for a large number of cases are presented and
discussed, with continual reference to the central conjecture.

Chapter 7 concludes the thesis by summarizing its results and achievements, and

discussing future work directions.



Chapter 2

Fibre bundle preliminaries - with

illustrations

We recall the basic facts of bundle theory on which this thesis is based and intro-
duce nomenclature. Several pictures are presented, which should be thought of as
analogies for the actual mathematical structures involved in the theory. Many of
the structures involved in bundles can be described in different but equivalent ways
mathematically (dual representations) and this duality is often easiest to understand

in the context of pictures of well-known geometrical structures.

2.1 Principal bundles

Let (P, M,G, ) be a principal fibre bundle with total space P over base manifold
M, with Lie group G acting on the right on P, and projection 7 : P — M. Let
q€ P, v=m(q) € M,p € m'(x). Let the group right-action on P be denoted by
P:

. GxP—P (2.1)
D(g,p) = Py(p) =p-9g (2.2)
We can think of the group as being an action which pushes points in the bundle

around the bundle along the fibres. Locally we can picture the situation as in Figure

2.1. Note that we only consider principal bundles in this work.



2.1 Principal bundles

Figure 2.1: Visualizing a local representation of a principal bundle.



2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

2.2 Horizontal spaces, vertical spaces and connec-

tions: the two viewpoints

2.2.1 The vector space viewpoint

At any point ¢, the tangent space T, P to the bundle can be decomposed naturally
in to two spaces, one tangent to the fibre, called the vertical subspace V,P, and one
transverse to the fibre, which, providing it satisfies certain conditions detailed below,
we call the horizontal space H,P. So we have the decomposition T,P = V,P® H,P.
The vertical space is defined uniquely by

V,P = ker(m,) (2.3)

where m, : T,P — T M is the push-forward of 7, and it is clear how vertical
spaces at different points in the bundle are related - they just transform smoothly
with the fibre, since any parametrization of the fibre yields a parametrization of V, P.
However, there is in general no such unique way of describing the remaining space
in T, P once VP is taken out. But this is something we need to do in order to relate
tangent spaces at different points in the bundle, and hence to define differentiation
processes on the bundle; this leads to the definition of horizontal spaces in the
bundle. The concept of the horizontal space H,P is a way of describing these left-
over spaces, of dimension [dim(7,P) — dim(7,G)], in T, P once the vertical space is
taken out, which varies smoothly in the bundle, i.e. it gives us a consistent way of
moving from fibre to fibre through the bundle. For principal bundles, in addition to
being smoothly-varying, we require that H,P is invariant under the group action.

The assignment of such horizontal spaces is called a connection in a bundle:

Definition 2.2.1. A connection in a principal bundle is a smoothly-varying assign-
ment to each point ¢ € P of a subspace H,P of T,P such that

(@) T,p=V,P®HP YgeP (2.4)
(@) (®g)o(HoP) = Hoy)P  VgeGge P (2.5)

Figure 2.2 illustrates the situation. The first condition says that H,P must
be transverse to the fibre (which is necessary in order for it to span the rest of
T,P). The second condition says that if we use (®,). to “push” H,P C T, P along
the fibre, then the result is the same as if we first push ¢ along the fibre using
®, to the point ®,(¢g) and then form the subspace Hg, )P at that point. (Note



2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

H,P
' 7, HiP = Ty M
T VP =0
T
T= ﬂ(q)\:ﬂ(\:q)#“#”_:\_x
M
TyyM = H,P

Figure 2.2: Horizontal spaces.



2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

(®g)s : TyP — Ty, P is the push-forward of ®,.) So a connection in a principal
bundle is just a right-invariant distribution on the bundle which is transverse to the

fibre at each point.
Remark 2.2.1. An equivalent condition to condition (i) above is
(i) m(HyP) = TriyM Vge P (2.6)

This just says that the dimension of H,P has to be great enough to fill up the
rest of T,P completely once T;,G is taken out: since m, maps T,G to zero, and
locally the bundle is a product space, the image of H,P under m, must have the

same dimension as Ty M (i.e. they are isomorphic).

2.2.2 The differential form viewpoint

Now, since the bundle group is a Lie group, there is a canonical identification of the
tangent space to the fibre at each point ¢ with the Lie algebra g of GG, so we can
write T,G = g, which leads to the following differential-form-based description of a
connection.

From Figure 2.2 it is clear that a choice of H,P in fact defines a projection of
T, P on to T,G, and hence on to g. Figure 2.3 shows this explicitly: V is a vector in
T, P which is projected via H,P to a vector in V,P. This is also intuitively clear for
higher dimension situations, not only that pictured, since we are just dealing with
intersections of linear spaces. We thus have a linear map 7T, P — g, i.e. a g-valued
differential 1-form on P, with kernel H,P. This representation of a connection as a
differential form is called a connection 1-form, but we need a few more definitions
before we can describe it fully: let g = T.G be the Lie algebra of G, where e is the
identity in G, let X1 (G) be the set of all left-invariant vector fields on G. Take £ € g.
Let X¢ € X1(G) be the unique left-invariant vector field on G corresponding to &,
i.e. such that X¢(e) = £. Each £ € g induces a flow on P. Let g¢(¢) be the unique
integral curve of X, passing at ¢ = 0 through e € G, then g¢(¢) is a one-parameter
subgroup of G.

Definition 2.2.2. The exponential map exp : g — G is defined by

exp(§) = g¢(1) (2.7)

and it can be shown that

exp(tE) = ge(t) € G (2.8)

Figure 2.4 gives an idea of how these objects can be represented geometrically.
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2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

T,P =V,P® H,P

Figure 2.3: Using H,P to project V € T, P on to V,P.

Definition 2.2.3. The infinitesimal generator of the action ®, corresponding to &,
15 a vector field Ep on P defined by

rla) = 5 ®loc(t). ) (2.9
and so for B(g,q) = ¢ - g we get
Erla) = S0l a)| (2.10)
= %<q.g§(t)) i (2.11)
- Z(q exp(t€))| (2.12)
= q¢ (2.13)

and we can now proceed to the formal definition of a connection 1-form on a principal
bundle:

Definition 2.2.4. A connection 1-form on P is a g-valued 1-form w, : T,P — g,
satisfying, for each q € P,

(¢) wq(£p< ) =¢§ \75 €g (2.14)
(1) w [(®,).] ]V dy(w,(V)) VYV EeT,P, VgeG  (2.15)

q

11



2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

eXp : g \\\ I
exp(€) = ge(1) / /

1—parameter subgroup ge(t)
left — invariant vector field X,

(the integral curve of X)

Figure 2.4: A right-action on a principal fibre bundle.

12



2.2 Horizontal spaces, vertical spaces and connections: the two
viewpoints

Ad, : g — g is the adjoint action at g € G (i.e. the derivative of conjugation,

evaluated at e), which in our case will only ever be given by
Ad,(0) =g 'ag ge G, oeg, (2.16)

which holds for matrix groups. So condition (i7) becomes:

V) =&, Y(w,(V))®, VYVET,P, Vgl (2.17)

g

wq’y(‘]) ([((1)9)*

q

We can visualize this as in Figure 2.5, which we can very loosely think of as: if
you apply w,, to the tangent vector ((®,).V) at ¢ - ¢ € P, then this is the same
as if you start at ¢ - g € P, then transform back along the fibre under g=! then
apply w, to the tangent vector V at the original point ¢, then transform forwards

along the fibre under g returning to ¢ - g. This characterization of the connection,

G ,/’///\\\\ V{)gqp
f @g)* - 5 \\\\ /I Wa,q
VP /M
\ /,/’VT\\\ L\/’ \\J (@)Y
f \ﬂ LW,
TP { v | Hy, P
| g " 9
p L
HP
IE:W((D\:JT(\:(])#“ 4»_:\:5
M

TygM = H,P

Figure 2.5: G-invariance of the connection form.

which is essentially based on tangent covectors, is just the representation dual to

13



2.3 Parallel translation

the previous one (Definition 2.2.1), which is essentially based on tangent vectors.

Notice in particular the duality between equations (2.5) and (2.17).

Remark 2.2.2. If we do not need to specify the point at which a connection form

is evaluated, we may denote it by just w instead of wy.

References [10]- [15] provide good material on manifolds and bundles.

2.3 Parallel translation

In the context of all these diagrams depicting horizontal subspaces, the notions of
horizontality and parallel translation become very easy to understand. Suppose we
now have a path in the bundle given by ¢ — ¢(t) € P with t € [¢,d] C R.

Definition 2.3.1. Path ¢(t) € P is horizontal w.r.t. a given connection if the tan-
gent vector ¢(t) lies in the horizontal subspace determined by the connection, Hyu P,
for each t.

Remark 2.3.1. Recall, horizontal subspaces are by definition in the kernel of the
associated connection 1-form w, so path q(t) is horizontal w.r.t. w iff w(q(t)) = 0 Vt.
i.e. the projection of the tangent vector ¢(t) on to the vertical space at q(t) is zero,

at every point of the path.

Figure 2.6 illustrates a horizontal path: ¢(t) is a path through bundle P, and at
each of the three points ¢(¢;), ¢(t2), ¢(t3) the tangent space to the bundle is depicted
(as a dashed-line box), along with the horizontal and vertical subspaces Hy,) and
Vi@t Also shown are the tangent vectors to the path at the three points - these
tangent vectors lie in the horizontal subspaces, representing the horizontal nature
of the path. Now, since there is in general some flexibility in the choice of hori-
zontal spaces in a bundle (subject to the conditions of the definition), a path can
be horizontal w.r.t. one connection while simultaneously being not horizontal w.r.t.
another. In Figure 2.6, we would represent a connection w.r.t. which ¢(¢) is not
horizontal by tilting the horizontal space inside one or more of the “tangent space
boxes” by some angle (or angles), since then the tangent vectors would not lie inside
the horizontal spaces for every t.

Now, if path ¢(t) is not horizontal w.r.t. a given connection w, then we can derive
an expression which describes how far it deviates from being horizontal. We do this
by considering the separation, in the fibre, between ¢(t) and a second path, ¢(t),
which starts at the same point ¢(¢) = ¢(c) in the bundle, and is horizontal. Any

14



2.3 Parallel translation

Path m(q(t))

Figure 2.6: A horizontal path ¢(¢) through principal bundle (P, M, 7, G).

15



2.3 Parallel translation

path in bundle P which maps, under 7, to the same path on base M as does ¢(t) is
called a [ift of q(t). If a lift of ¢(¢) is horizontal w.r.t. w then it is called a horizontal
lift of ¢(t), and translating (i.e. evaluating) some quantity along a horizontal path
(as opposed to a non-horizontal path) is called parallel translation. So ¢(t) is a
horizontal lift of ¢(¢) and we analyze it as follows. Using local coordinates for the
local product structure in the bundle, every point on path ¢(¢) can be written as
the product of the point ¢(¢) and some element of the fibre, say a € G. But since
this is the case for every point along the path, we get a whole curve a(t) € G which

measures the difference between the two curves in the bundle:

q(t) = q(t)a(t) (2.18)

We can think of a(t) as a sort of “fine-tuning” variable, which, when varied by
the right amount as ¢(¢) proceeds along its course, enables us to shift ¢(¢) around
the fibre exactly the right amount necessary for it to remain horizontal. a(t) will
then be an expression describing how much ¢(¢) deviates from being horizontal. To
obtain the equation which governs this required motion in the fibre, we differentiate
(2.18) w.r.t. ¢, apply the connection form w, then use the horizontal and right-
equivariance conditions, ‘w(G(t)) = 0’ and (2.17) respectively. This yields the first-

order differential equation for a(t):

a(t)a” (t) = —w(q(t)) (2.19)

with a(c) = e required to satisfy g(c) = ¢(c). Detailed derivations of this equation are
given in [12] (p.69), [13] (p.265) and [17] (p.364). This equation shows us precisely
how a(t) must vary as we move along ¢(t) in order for ¢(¢) to be the unique horizontal
lift starting at ¢(c). We summarize the concepts of horizontal lifts and parallel

translation in Figure 2.7.

Remark 2.3.2. This method for generating horizontal paths also applies for paths
G(t) which start at points in the fibre attached to q(c), other than q(c) itself. This
Just involves taking the initial condition a(c), for (2.19), to be some value other than
the identity in G, and would be represented on Figure 2.7 by sliding the path ¢(t) up
the fibre G so that q(c) and §(c) are separated by a value a(c) in the fibre.

Remark 2.3.3. [t is important to remember that the diagrams in this chapter are
merely pictorial analogies for the mathematical objects involved. In particular, fibres
are always pictured here as being 1-dimensional, when in reality they can be of any

dimension. For example, in Figure 2.7, the shift in the fibre is portrayed as being a
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2.3 Parallel translation

Path §(t)
(horizontal)
. k 0l =)
Path ¢(t)
(not horizontal)

G
7T(q

Path 7(q(t))

Figure 2.7: Generating a horizontal path () from a non-horizontal path ¢(t) by
applying a shift a(t) in the fibre.
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2.3 Parallel translation

simple shift up or down the fibre, but really the shift a(t) is a path in the group G,

whatever that may be.

This concludes our review of fibre bundles, and our collection of very clear dia-
grams showing previously uncollated ways of thinking about the basic geometry of
fibre bundles.
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Chapter 3

The Hopf bundle: parallel
translation, the natural connection

and the phase

In this chapter we introduce and analyze the concept which essentially underpins
this thesis: namely that whenever we have a path in C™\ {0}, such as a solution
to a system of ODEs, if we regard C™ as the highest-dimensional space in a natural
hierarchy of spaces, then this path induces motion on smaller structures inside C".
Deconstruction of paths in this way is possible by viewing trajectories in C" in
terms of a fibre bundle, and applying various concepts from bundle theory to analyze
motion on the induced structures.

This perspective of looking inside spaces to see how trajectories induce motion
on smaller spaces under various fibrations or projections has not received a great
deal of attention in the literature, as it is often assumed that the whole story of
an ODE system is contained in the manifold on which solutions lie. However, this
is not always the case, as we demonstrate in this work. The one main exception
to the lack of attention the subject has received is in the context of Berry phases
in quantum mechanics, due to the centrality of projection operators in the theory.
Such work tends to operate exclusively in the language of quantum mechanics, which
gives the treatment a very different feel to that presented here, and yields what is
arguably a less accessible approach to the concept. This presentation is intended to
be a relatively straight-forward approach, of relevance in a general ODE/dynamical-

systems context.
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3.1 Motivation

3.1 Motivation

The idea of looking at projections of paths is largely motivated by the eigensystem
(1.1) introduced in Chapter 1. The key observation is that

in this eigensystem context, each solution eigenvector u in fact represents
a whole equivalence class [u] of valid solutions, related by complex scalar

multiplication, each with the same eigenvalue.

So if w is a solution, then so is cu for any complex ¢ = re?. Hence each solution
u contains information superfluous to its role as an eigenvector, but which is nev-
ertheless present in standard analyses: a magnitude factor » and a phase factor 6.
Therefore a natural space on which to consider solutions to this system is in fact
complex projective space CP" !, and of special interest is how the “extra” informa-
tion behaves if we move along paths of eigenvectors in C". To investigate this we

combine standard spherical projection with projection by the Hopf map.

3.2 The Hopf map

The Hopf map is defined as the projection 7 : S?"»~! — CP" ! which sends each
2z € 8?71 written as a complex n-tuple, to the point in CP"~! with corresponding

homogeneous coordinates:

z2=1(21,22,...,2n) — [21,22,.., %) (3.1)

e St e Ccp!

It can be proved, by exhibiting an atlas of bundle charts which satisfy the conditions
required in the definition of a fibre bundle, as in [16], that this map is the projection
map of a principal U(1)-bundle with base CP"~! and total space S?"~!:

Uul) — gt

I
cprt

where U(1) is the first unitary group: complex numbers of absolute value 1, under
multiplication. This is the Hopf bundle. For n = 2 this gives the well-known classical
Hopf bundle S' — S — S? (since CP! ~ S?), but the term “Hopf bundle” is also
used to refer to higher-dimensional cases. In terms of the notation of Chapter 2, we

now have P = §?""!. M =CP" !, G=U(1) and g = iR.
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3.2 The Hopf map

Remark 3.2.1. For n = 2 we can write the Hopf projection explicitly as

m: C*>8 — S2

(21,22) +— 7(21,22) = <5122 +21%Z2 , (Z120 — 21Z2) , |21]? — |Z2|2>

Then by direct calculation we have
(a1, )P = (o + [22)° (3.2)

so that
(Zl, 22) S 53 = 7T(Zl, 22) S Sz (33)

and each point on S* C C? is indeed mapped by 7 to a point on S? C R3. Further-
more, for e € U(1),

W(ew(ZhZé)) = Tr(<€wzla €i922)) = 7((2’1722))7
so m is easily seen to be U(1)-invariant as required.

Further information on the Hopf map may be found in many standard texts, such
as [19]- [22]. We have introduced the Hopf bundle here using the traditional complex
number z notation, as is common, because it is a very natural way to describe the
progression from complex numbers to complex projective space. However, since we
now proceed to consider dynamics in the bundle, we switch to a more dynamical-
system oriented notation, using letters v and w for points in S?"~!, again written as
complex n-tuples.

Take v € S?"~1 C C". In terms of a Hopf bundle structure, v can be represented
Yw, where w € §2"1
and 6 € R, then v is represented by the pair (¥, [w]), with [w] € CP""1. So both w

and e”w are points on S?"~!, and in these coordinates, the projection map is just

locally as a point in the product space S x CP" !: if v = ¢

T8t - cpv!
ew — [w] (3.4)

In other words, for each element [w] € CP"~! we have a complete S'-fibre of points in
5271 which all map to the same point in the base. The quantity # parametrizing the
fibres is called the phase, and it is a way of measuring the separation between points
in $?"~! which correspond to the same point in CP"~!. Note that since the vertical
vectors of a bundle are defined to be vectors tangent to the fibres, parametrizing
the fibres by 6 in this way means that the vertical vectors may be referred to as just

span{%}. We now show how the Hopf map can be used to analyze paths in C".
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3.3 A hierarchy of spaces

3.3 A hierarchy of spaces

The basic idea is to take a path of points in C™\ {0} and project these points firstly
on to the unit sphere S?"~! inside C”, then on to projective space CP" ! inside
S27=1 using the Hopf map. In doing so we are choosing to reframe the system in
terms of a fibre bundle, essentially dividing up motion along a path on S?*~! in to
a CP" ! component and an S! component. Although we consider only the Hopf
Sl-bundle structure throughout this work, other fibres could potentially be used to
extend the concept in other ways.

Thus we have a natural hierarchy of spaces on which paths of vectors are con-

sidered (with our choice of variables listed on the left for easy reference):

(u€) CcCr ~ R*™
!
(u €) C"\ {0}
! (3.5)
(v,w €) S2n—1
!
([v], [w] €) cprt

Any path on C"\{0} may be projected on to the spaces beneath it, and the behaviour
of the induced paths investigated. Figure 3.1 illustrates the situation for n = 2, with
C? viewed as R*, spherical projection denoted by P and one dimension suppressed.
The rest of this chapter details how to use the Hopf bundle structure to “extract”
an S! phase factor from paths in C" \ {0}; and also how, if we have a system of
equations which generates paths on C™ \ {0}, then using these projections we can
derive systems induced on the lower spaces and characterize the role of the phase

factor in the resulting dynamics.

3.4 Parallel translation in the Hopf bundle

As shown in Section 2.3, given a parametrization of the local product structure of a
bundle, we can write down the condition for parallel translation in the bundle w.r.t.
a given connection, in terms of that connection 1-form (equation (2.19)). We do
this now for the Hopf bundle, with the natural parametrization v = e*w.

Let € R be a path-parametrization variable, say = € [xg,x1] C R, then let v
depend on z so that v(z) is a path on S?"~!. In order to show how different paths on
S27=1 are related by the phase during motion, let the local coordinate representation

on St x CP" ! depend on the path-parameter also: let § € R depend on x and write
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3.4 Parallel translation in the Hopf bundle

NB: ambient space R*
u(z) € R

SS

7.8 52

NB: ambient space R?

S%7
m(v(z)) € S?

Figure 3.1: illustration of the projection sequence wo P : R* — §3 — 52
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3.4 Parallel translation in the Hopf bundle

) (z), where w(x) is also a path on S?"~1. Since v and w are both paths

v(z) = ¢
of points on the sphere, which correspond to the same points in CP"!, and the local
coordinates for the fibre and the base are now z-dependent, this equation effectively
separates motion in the fibre from motion on the base manifold.

Equation (2.19) and the related discussion then imply that w(z) is horizontal

w.r.t. a connection w iff

[i(e_w(m))}ew(m) = —w(vy) (3.6)
S 0.(r) = —iw(v) (3.7)

This then is the general equation which tells us how, as = goes from z¢ to 1, 6(z)
must vary as v(z) moves around the sphere in order for w(z) to remain horizontal

w.r.t. w.

Remark 3.4.1. Taking a step back for a moment, a I-form 1is loosely-speaking
just an object whose “purpose” is to be integrated along some 1-dimensional space.
Therefore, the obvious question to ask of any connection 1-form w on a bundle is -
what does integration of the 1-form along various paths in the bundle yield? Well,
equation (3.7) provides the answer to this question for the Hopf bundle:

integration of a connection 1-form along a path on S?"~1 gives precisely
1 times the phase curve required to maintain horizontality of the path on

S2=1 obtained via the local product structure given above.

The interesting aspect of this interpretation of the path-integral of a connection form
18 that it 1s entirely dependent on the specific local product structure considered here.
Other local coordinates for the group action will in general lead to more complicated
expressions on the LHS of equation (3.7) because terms will not cancel so neatly,

and in general a clear interpretation such as this will not be possible.

Now, in considering what this equation reveals in any practical situation, there
are clearly two issues to face: firstly, what is the connection form w to be used in
the equation? And secondly, what is the path v(z) whose tangent vector v,(z) is to
be used in the equation? We consider the issue of the path v(z) shortly in Section
3.6, but first we describe the natural connection form on the Hopf bundle, which is

the connection form of primary interest in this thesis.
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3.5 The natural connection on the Hopf bundle

3.5 The natural connection on the Hopf bundle

Using the notation of Chapter 2, so as to maintain the distinction between a point

on a manifold and a tangent vector to the manifold at that point, we have

Definition 3.5.1. For ¢ € S* ! and V € T,5*"' wectors in C", the natural
connection on the Hopf bundle is given by w,(V) = ¢" V.

3.5.1 Verifying the natural connection

To verify that the natural connection form is in fact a valid connection form, we
check that it is a Lie-algebra-valued 1-form on S**~! which satisfies properties (i)
and (ii) of Definition 2.2.4. Take ¢ € S**~1, V € 7,57, and let w,(V) = ¢"V.
Now since V is a tangent vector to the sphere S?*~! C C" it can be expressed in the
form

V= (I —q¢")w +iaq for some av € R,w € C" (3.8)

This equation concerns the projection of a vectorfield on to the tangent space
T,5*"1; this is a special case of projection on to the tangent space of a Stiefel
manifold, as seen in [23] and [24] in the context of continuous orthogonalization
of linear systems of ODEs. Applying the connection form to the tangent vector V

written in this form then gives

wo(V) = ¢V = ¢ (I — qu)w + iaq] (3.9)
= (¢" = q"q¢")w +iag"q (3.10)
= (qH — qH)w + i since qu =1 (3.11)
_ i (3.12)

and so w, does map tangent vectors to the Lie algebra iR as required, w, : T,5?""! —

g. Now to verify properties (i) and (ii) of Definition 2.2.4:

e (i): As shown in (2.13), for right action ®, and for any given ¢ € g and
q € S*"~1 the infinitesimal generator is given by £p(q) = ¢, and so

we(€p(q) =wqlqg &) =q"qg & =¢ (3.13)

as required.
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3.5 The natural connection on the Hopf bundle

e (ii): Now let v(s) be a path in S?"~! s.t. 4(0) = ¢, with tangent vector V at

q, i.e.

Then the action of U(1) on 7(s) is

so that

and hence

wa,q([(Py)-

as required.

q

V)

Therefore the natural connection form is indeed a valid connection form.

3.5.2 The natural connection along a path

Now returning to the case of a path of vectors v(z) =

the natural connection form at points along the path may be written as

w

V= d%fy(s) Y (3.14)
Dy(v(s)) =7(s) - g (3.15)
d
v o= @)l (7)) (3.16)
= La,60))| (317
= 206)-9)|_ (318
= (59| ) 3.19)
= Vg VgeU(Q) (3.20)
= wee(V9) (3.21)
= (q9)"(Vg) (3.22)
= ¢"¢"Vyg (3.23)
= g '(¢"V)yg since g € U(1) here (3.24)
= Ady(we(V)) (3.25)
v1(z)
e Sl c Cn,
Un ()
v dv 3.26)
Re(v? dv) + i Im(v dv) (3.27)
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3.6 Evaluating the phase along paths in the Hopf bundle

But, as can be verified directly by writing v; = (x1 +iy1), ..., v, = (2, + iyy,), the

condition ||v|| = 1 implies that
Re(v?dv) =0 (3.28)

so that
w =i Im(v¥ dv) (3.29)

Then since v = u/||u||, we can write w in terms of vectors in the space at the top of
the hierarchy, C", so that paths of vectors in C"” immediately generate the associated

natural connection 1-forms on S?"1:

, Im(u du)
— H —
w=1iIm(v"dv) =i ()

(3.30)

Note that vdv and u"du are entirely different objects: the former has zero real
part while the latter generally does not; writing w as in (3.30) simply provides a

straightforward way of expressing the connection in terms of u.

3.5.3 Parallel translation w.r.t. the natural connection

Updating equation (3.7) so as to refer specifically to the natural connection we have

that w(x) is horizontal w.r.t. w iff

0,(r) = —ivfv, = Im(v¥v,) (3.31)

3.6 Evaluating the phase along paths in the Hopf
bundle
Now, taking account of
e the hierarchy of spaces and projections defined here,
e the parallel translation condition (3.7) and
e the natural connection form (3.30),

we see that associated with each path of vectors u(x) in C™\ {0} is a unique phase
curve f(x), which describes the deviation from horizontality w.r.t. the natural con-
nection, in the Hopf bundle, of the projection of the path u(x) on to the real sphere

S?=1 ynside C". The calculation and observation of this phase curve 6(x) occupies

27



3.6 Evaluating the phase along paths in the Hopf bundle

a central role in the numerical investigations in the latter part of this thesis; we
therefore now show explicitly how to obtain the phase curve for a general path in
C™ \ {0}, then describe the particular case when the path is governed by a linear
system of ODEs on C" \ {0}.

3.6.1 The phase calculation for a general path in C"\ {0}

Denote by 4 a general path R D [z, ;] — C"\ {0}. Take = € [z, z1], and let the
path be given by u(x) = (u1(z),...,u,(x)) in standard coordinates. Let 7 denote
the path [zg,z;] — S?"~! obtained by spherical projection. Write the connection
form on S?"~! asw = f(u)du in standard coordinates, as in (3.30). Then the integral
of the connection form along the induced path « on S$?"~! is calculated by pulling

back the connection form to the real line and evaluating the ordinary integral there:

L w = /[ e (3.32)

_ / h ( f(u(x))j—i)d:v (3.33)

#1 Im(ufuy,)
and hence, by (3.7),

the phase curve 0(x) associated with path 7 is given by

- [ (S

This equation, around which much of this thesis centres, is important because it

reveals how, with each path 4 in C" \ {0}, is associated an implicit dynamical S*
phase factor, with a fundamental geometrical significance. An exposition of the
same mathematical object, in the context of the quantum geometric phase, may
be found in [14], p.204. The accuracy of any numerical solution to equation (3.35)
will depend directly on the accuracy of the expressions used for v and u,. We now
consider the special case where u, is known precisely, through its relationship with

u, by choosing u to be the solution to a system of ODEs on C™ \ {0} as follows.

3.6.2 The phase calculation for paths induced by u, = Au
Suppose we have the linear system of ODEs

u, = Au, u(z) € C"\ {0}, z € R, Ae M,(C), u(0) = ug (3.36)
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3.6 Evaluating the phase along paths in the Hopf bundle

where M,,(C) denotes the set of all nxn complex matrices. This induces a system on
the sphere inside C™\ {0}; we derive this system, then use local product coordinates

in the Hopf bundle to show how the phase motion on S! is manifested in this case.

3.6.2.1 Projecting on to the sphere

Let u(x) be the solution to (3.36). Projection of this path on to S?"~! is of course
given by:

_ u(r) 2n—1 n
v(x) = Tu(@)] es cC (3.37)

Remark 3.6.1. Visualizing this projection is possible by imagining u(x) as a path in
real 2n-dimensional space, which is then projected on to the sphere S*"~1 embedded
in R?", in analogy with either of the R — S? or R? — St cases, which are intuitively

clear.

The evolution of v(z) is then calculated as follows

u
o — (L (3.38)
U H, \—1/2
= Tl +  uf(uu)™?] (3.39)
o Uz —IN w82 H H
= T + u( 5 )(u w) " (uy w4 u uy) (3.40)
Au 1 u 1
= = - - (Au)u + u (Au) by (3.36) (3.41)
Il 2 flull flull® [ ]
H H
L (3.42)
il 2 flwll | Wl Al el el
1
= Av - 5 v[v? A%y + v Av) by (3.37) (3.43)
1
= Av  — v Re(v”Av) since 5(2—1— z) = Re(z) (3.44)
so the trajectory v(z) induced on S?"~! by (3.36) satisfies
v, = Av — v Re(v Av) (3.45)
or, writing v Av = Re(v Av) + i Im(vH Av),
v, = (I —vv™)Av + iv Im(v? Av), (3.46)

which will be of use shortly because of the way the RHS splits in to real and complex

parts.
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3.6 Evaluating the phase along paths in the Hopf bundle

3.6.2.2 Projecting on to CP"! and the dynamics of the phase

Next write points of the trajectory v(z) € S?"~! in terms of their local coordi-

nate representation on S* x CP"! again: v(z) = ¢?@w(x), then differentiate this

expression w.r.t. x and substitute the sphere dynamics equation (3.46):

v(z) = @) (3.47)
=w, = (e?@y(2)), (3.48)
= e Yy, —ie 0,0 (3.49)
= e (I — v Av + v Im(v? Av)] —ie 0,0 by (3.46) (3.50)

= (I —ww™")Aw + iw Im(w" Aw) — iw), since v7 Av = w¥ Aw
= (I —ww")Aw + iw(Im(w” Aw) — 6,) (3.51)

This equation then describes how the dynamics induced by (3.36) on CP"! are

coupled to the dynamics induced within fibres: it shows explicitly how, given the

trajectory v(z), the dynamics of 6(x) affects paths of points w(x) in the same equiv-

alence classes, [v(z)]. Figure 3.2 illustrates the situation, and the following points

are emphasized:

For = € [xg, 1] C R, both v(z) and w(zx) are paths in S**~1.
The path v(z) has initial condition v(zy) and is determined by equation (3.46).

At each point of the path v(z), there is a whole S'-fibre of points w(z) =

e~ %@y (x) which map to the same point on the base CP™!.

The path w(z) has initial data {v(zy),8(zo)} and is determined by equation
(3.51) including the expression 6, (x).

0.(x) is of course arbitrary: we can choose any function we like. It defines
how, as v and w move through S**~! simultaneously, w moves around in the

fibre attached to v. This function represents a choice of how to move from
fibre to fibre through the bundle.

If we pick 6,(z) = 0 then equation (3.51) for w(x) is the same as equation
(3.46) for v(x), so that v and w follow paths on S**~! governed by the same
equation, and just stay separated by a constant phase 6(zg). i.e. if v and w are
separated by a constant phase 0(zg) at * = xo then they will remain separated

by phase 0(xq) for all z.
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3.6 Evaluating the phase along paths in the Hopf bundle

wy = (I — ww)Aw + jw(Im(w Aw) — 0,,)

vy = (I —vofl)Av + v Im(v Av)

(Cpn—l

Figure 3.2: Illustration of how paths induced on S?"~! by u, = Au are related by
phase 6(x)
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3.6 Evaluating the phase along paths in the Hopf bundle

The most interesting feature of equation (3.51) is how the RHS splits in to two parts,
the second of which involves the connection on the bundle. The connection here is
given by i Im(w! Aw) (e.g. see (3.8), (3.12) and (3.46)) so that the vanishing of the

second term corresponds to parallel translation in the bundle:

the path w(z) induced by u, = Au is horizontal w.r.t. the natural con-

nection iff
0,(z) = Im(w"” Aw) (3.52)

So in this case the equation for w reduces to
w, = (I —ww™)Aw (3.53)

and we see that even though #(x) is in general an arbitrary function, the expressions
used throughout the analysis, although completely natural and uncontrived, result
in a neat splitting of w, in to two distinct parts, out of which the notion of parallel
transport w.r.t. the natural connection automatically emerges. One interesting point
to note about the horizontal case is that then the equation of motion (3.53) is of
the same form as the equation of motion of the equivalent real system, i.e. of a real
variable w € S"~! C R™ under the motion induced by a real system u, = Au, u €
R™ A € M,(R). The fact that these real and complex systems of equal dimension
share the same equation of motion precisely when the motion in the complex system
is horizontal w.r.t. the natural connection is an interesting observation, however it

is not clear whether it has any deeper significance or applications.

Remark 3.6.2. [t should also be noted that equation (3.53) coincides precisely with
a special case of the equation used in the continuous orthogonalization method of
Drury [26]. Thus the equation itself is familiar, however, its interpretation as an
expression of horizontality of dynamics w.r.t the natural connection is new. The
methods of geometric integration and continuous orthogonalization for preserving
constraint manifolds in numerical integration have been studied extensively [27], [28],
[29], and applied specifically to the problem of calculating the Evans function in [24].
Thus the overlap between the material presented in this thesis and previous studies
on continuous orthogonalization may be quite large; establishing and interpreting the

connections would form an interesting extension beyond this work.

Thus, we find that for paths induced by u, = Au, equation (3.35) for the phase

curve 6(z) reduces to

oa) = [ (PR (3.54)
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3.6 Evaluating the phase along paths in the Hopf bundle

Having set up the general theory of the phase in the Hopf bundle and shown
how this gives rise to each path of vectors in C™\ {0} having an associated phase
curve, we now focus attention on the lowest dimensional case, the S' — §3 — §?
bundle, to show how the concepts apply there. We will then proceed to solve phase

equations numerically in a wider variety of situations.
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Chapter 4

Investigating the Hopf bundle

using the quaternionic matrices

In this chapter we show how the quaternionic matrices can be used to describe
the classical Hopf bundle. By providing a concrete coordinate system within which
to work, this new application of the matrices reveals many interesting geometrical
aspects of the bundle. We show explicitly how parallel transport fits in to the
picture, how we can extract the phase for certain dynamics within the bundle, and

finally we observe the motion of the phase in a few numerical examples.

4.1 The quaternionic matrices

The basis quaternions are given by 1,1, j, k, satisfying i = j2 = k? = ijk = —1.
The quaternions in general are defined as H = {a+bi+c¢j+dk : a,b,c,d € R}. The

quaternionic matrices Ji, Jo, J3, K1, Ko, K3 are defined as

0 -1 0 0 0 0 —1 0
1 0 0 0 0 0 0 1

S = 0 0 0 —1 J2 = 1 0 0 0}
0 0 1 0 0 -1 0 0
00 0 -1
00 —1 0

Jg_0100 (4.1)
10 0 0
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4.1 The quaternionic matrices

0 0 0 1 0 10 0
0 0 -1 0 100 0

K= g1 0 o™= 0 00 21|
10 0 0 0 01 0
0 0 10
0 0 0 1

Ks=| "1 0 oo (4.2)
0 -1 00

Together they form a basis for s0(4), the Lie algebra of the Lie group of rotations
about a fixed point in R*, S0(4); they are featured in many standard texts, such
as [25]. They are called quaternionic matrices because of their intimate link with

the quaternions; for example, if we represent x = a+ bi + ¢j + dk € H by the matrix

a b c d
—-b a —-d c
—c d a b :a]4+bK2+CK3+dK1 (43)
—d —c b a
1000 0 10 0
_ oo o0 0
o010 0 00 —1
000 1 0 01 0
0 0 1 0 00 0 1
0 0 0 1 0 0 —1 0
l 2000t 001 0 0| (44)
0 -1 0 0 10 0 0

then in this format, quaternionic addition and multiplication are represented by
standard matrix addition and multiplication. (I,, is the n-dimensional identity ma-

trix.) The J;s and Ks are skew-symmetric and satisfy

2 = I, K2 = —I, i=1,2,3

JiJj = €iijk KZK] = Eiijk i,j,k21,2,3, all different

(where €5, is 1 for even permutations, —1 for odd permutations and 0 otherwise.)

The J;s and K;s are related by the quaternionic matrix conjugation operator R:

1 0 0 0
0 -1 0 0

R = 00 -1 0 (4.5)
0 0 0 -1

35



4.2 The Hopf bundle again

and we have

K, = RT'JR
K, = R'JIR
Ks; = RTJ,R (4.6)

so that any results in terms of the J;s could equally well be written in terms of the

K;s and vice versa.

Proposition 4.1.1. For each ¢ € RY, £ # 0, {&, K1&, Ky&, K3&} is an orthogonal
basis for R,

Proof. First, for each i = 1,2, 3, (¢, K;£) = 0, by skew-symmetry.
Second, for each 7 # 7,

(K&, K;€) = (&, K K;€) = (&, — K K;€) = (€, —eijiki€) = 0, (4.7)
again by skew-symmetry. O]

Thus if we take a 4-vector v € S3 C R*, then since v is itself a vector normal to S3,
we have T,,S® = span{ K,v, Kyv, K3v}. In this way the quaternionic matrices provide
a straightforward method for describing tangent spaces to the 3-sphere explicitly in
terms of four real coordinates. Moreover, this description is closely linked with the

geometry of the Hopf bundle, as we show below.

4.2 The Hopf bundle again

4.2.1 The different coordinate representations of the Hopf
bundle

We consider here the Hopf bundle S — S® — 52, as described in Section 3.2.
This case is very useful and features a lot in the literature because it is of low
enough dimension to allow us to visualize elements of the geometry using various
coordinate systems. However, what most texts omit to mention is that there are
many different but geometrically equivalent Hopf-S! actions on S - in the sense
that the defining characteristics of the resulting bundles are the same - and that in

any specific situation it is the choice of group action which dictates the particular
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coordinate representation given. If we have complex coordinates (21, 25) € S? C C?

then the standard S! group action is written

P:8xs — S
(6’0, (21, 22)) = (eimgzl, Gmezz): with m,n € Z \ {O} (4'8)

But for a principal bundle the group action is required to be free, which is the case
in this standard form if and only if m,n = +1. (However, this is not the most
general form of free S action on C? as we shall see in Section 4.2.5 below.) Dif-
ferent combinations of m,n = 41 correspond to different ways of rotating points
in S3. Confusingly, this leads to a variety of slightly different coordinate represen-
tations of the Hopf bundle in the literature. For example, Cushman even uses two
different representations within one book, [22] (p.367, p.374), and Chruscinski and
Jamiotkowski [14] use yet another. These simply correspond to different choices of
coordinates at some stage in the analyses, often just a different ordering of the three
coordinates for S%. Moreover, in the following investigation of the Hopf bundle,
which uses the quaternionic matrices to describe the tangent space to the bundle,
evenly permuting these matrices in the analysis corresponds to selecting a different

St action, as will hopefully become clear as the discussion progresses.

Remark 4.2.1. As stated by Hou and Hou in [30], the symmetry properties en-
countered in the Hopf bundle are a consequence of S* being a parallelizable manifold
(a parallelizable n-manifold is a manifold with exactly n smoothly varying linearly-
independent tangent vector fields at each point). The only n-spheres which are par-
allelizable manifolds are S*, S® and S7, which are the manifolds of unit complex
numbers, quaternions and octonions Q respectively. Now, a division algebra A is an
algebra with unit element which, for each non-zero element a € A, also contains its
inverse a~! € A, and it can be shown that the only division algebras with a norm -
with which to potentially form a unit manifold - are in fact R, C, H and @. Thus
“division algebras lie at the very core of the classification of possible symmetries in
nature”. These fundamental issues lie outside the scope of this thesis, we simply
include a few lines on the matter to give an idea of the underlying issues which

generate the remarkable symmetries encountered here.
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4.2 The Hopf bundle again

4.2.2 An explicit coordinate representation of the Hopf bun-
dle

Take z € S C C2. We consider only the m =n =1 S* action above, so we have
d:9 x5 - & (4.9)
(e, 2) — €Y% (4.10)

The form of the coordinates we choose for the Hopf map throughout the following

18

:C* — R3 (4.11)
- 2Re(2122)
< z; ) — 2Im(z123) (4.12)
21|* — [20]?
21720 + 2120
= i(2129 — 21%2) (4.13)
|21]* = [20]?

Then write z as

(2)-(m)-(2)(z)
29 To + 1Yo X2 Y2

and define a correspondence between the real and complex coordinates by setting

T Re(z)
v | | | Re®@) | cgs e (4.15)
Y1 Im(z)
Yo Im(z2)
In these coordinates m becomes
x
x; 2(x122 + Y1y2)
T " — 2(z2y1 — 1Y2) (4.16)
AUl - @y
Y2
T
so that at the point v = 52 € 5%, the tangent map m, : T,5° — Ty ,)S? is
1
Y2
given by the matrix
T2 I Y2 Y1
Ty = 2 —1Y9 U1 Ty —I71 (417)
T —T2 Y1 Y2
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4.2.3 The vertical subspace

Now, we know that in this coordinate representation of the Hopf bundle, the vertical
space of the bundle at v, V,,, is the kernel of this matrix, ker(m.). To obtain an
explicit expression for V, we first note that each a € T,5% may be written in terms
of the basis { K v, Kyv, Ksv} for T,,S? described above:

a = c; K v+ o Kov + c3 K3v for some constants c;,cs,c3 € R (4.18)

Then by direct calculation we see that

0 0 0
T (Kv) £ | 0 ], T (Kov)# | 0 |, T (Ksv)= [ 0 (4.19)
0 0 0

so that in fact the vertical space at v is the space spanned by the vector obtained

by applying quaternionic matrix K3 to the position vector v:

Vo = ker(m)|, ¢ 4.20)
= span{K3v} (4.21)
0 0 10 T
B 0 0 01 s
= span{ 1 0 0 0 " } (4.22)
0 -1 00 Y2
Y1
= span{ y; } (4.23)
—T1

Remark 4.2.2. As always, the term “span” refers to multiplication by real numbers

only.

For completeness, and to demonstrate the process explicitly, we briefly show how

this translates to complex coordinates. Write V,, as
hn
V, = span{ K3v} = {a _y; T € R} (4.24)
— 2y
and elements of this set are in correspondence with complex vectors as before:
Y1

RS [a| ¥ }%[a@;)m(:g)}e@ (4.25)
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But
o(n)ee() = l(2) ()] o
= —ta ( 2 ) (4.27)

so that in complex coordinates, the vertical space at z € 3 C C? is
V. ={—iaz:a € R} =span{iz} (4.28)

which is of course consistent with the fact that the vertical space is tangent to the
group action at the identity: the group action is S*, so applying the action to z € S3
in complex coordinates gives the point ez, so a tangent vector to the curve of points

generated by the action, at the identity of the action, is

[%(ewz)] =0 iewz)e:o =i (4.29)

and the vertical space is indeed the span of this vector.

4.2.4 The group action in real coordinates

The group action in complex coordinates is ® : ST x S3 — 53 (e, 2) + €2, This

translates to real coordinates as follows

, i0
ey = (Zﬁ) (4.30)

)
B (cosO +isinf)(xy + iyy) (4.31)
n (cos @ +isinB)(xe + iyo) '
- x1cost —y;sinf ( x1sinf + y, cosb
B (xQCOSQ—ygsinﬁ>+Z($gsin9+y26080 (4.32)

from which, using Gy to denote the group action in real coordinates, we form the

following 4-vector according to the above real-complex correspondence

T 21 cosf — y; sind
B Ta B o cosf — yysind
Gov =Go Y1 N rysinf + y; cos (4.33)

Y2 Zo sin @ + 1o cos 6

cosf 0 —sinf 0 1
- 0 cosf 0 —sinf To
- sind 0 cos 6 0 Y1 (4.34)

0 sind 0 cos Yo
B ( Iycosf@ —I,siné ) y

Iysin@ Iscos@ (4.35)
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so in real coordinates the group action has the form

Gy = ( Iycosf —I,sinf ) (4.36)

Irsinf I, cosf

Remark 4.2.3. Demonstrating consistency again, we see that a tangent vector to
the curve of points generated by the group action, in real coordinate form, at the

wdentity, is

d d
- = |= 4.
[d@ (Gev)}ezo [dQ(Ge)] 9:00 (4.37)
d Ircos —Iysinf
= |— 4.38
[d@ ( Iysin@ I;cos@ )L:ov ( )
—Iysinf —I5cosf (4.39)
pr— U .
Ircos@ —I,sin6 oo
_ (0 R, (4.40)
I, 0
00 -1 0 1
_ 00 0 -1 T (4.41)
10 0 0 7 '
01 0 0 Yo
—Uh
- | (4.42)
T
T2

which shows that the vertical space 1s of course the same as before.

4.2.5 The group action in terms of the exponential map

The previous sections have shown that given a particular coordinate representation
of the Hopf bundle, we can derive expressions for the vertical space and the action
in both real and complex coordinates, and we demonstrated the process of passing
from one to the other. However, we can also approach the problem from a more
fundamental point of view, by using the relationship between a Lie group and its
Lie algebra to describe the situation.

First, observe that

I,cos0@ —Iysinf
_K30 2 2 -
€ N < Iysinf Iycosf ) = Go (4.43)
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(The proof of this is a special case of (4.61).) This result is explained as follows:
Recall, if G is a Lie group, g is its Lie algebra, ¢ € g and exp : g — G is the
exponential map, then
t — exp(t), teR (4.44)

is the unique 1-parameter subgroup of G whose tangent vector at ¢ = 0 is £, and we
sometimes write

exp(t€) = ge(t) € G (4.45)
to emphasize the fact that exp(t£) is an element of the group. However, this result
alone does not quite fit the scenario above, as can be seen by the fact that in our

equation, e %3¢

is equal to a 4 x 4 matrix, Gy, which is not obviously a member
of the group S!. The key to understanding the result then is to consider not just
the Lie group, Lie algebra and 1-parameter subgroup, but instead representations

of these.

Definition 4.2.1. A map ¢ : G — H is a Lie group homomorphism if it is a
smooth homomorphism between Lie groups G and H. i.e. Yg1,92 € G, ¢(g1 0 g2) =
&(g1) o ¢(g2). If in addition the image group H is one of the general linear matriz
Lie groups, GL,(R) or GL,(C) then ¢ is called a representation of G.

Definition 4.2.2. If g and b are Lie algebras, a map ¢ : g — b is a Lie algebra
homomorphism if it is linear and preserves brackets, i.e. Y[, n] = [¢¥(§),¥(n)|VE,n €
g. If in addition the image algebra by is one of the the Lie algebras, gl,(R) or gl,,(C),
of the general linear matriz Lie groups, then v s called a representation of the Lie

algebra g.

So we can use matrices to represent Lie groups and Lie algebras. The specific
fact we then need is that if we have an m-dimensional representation of g (i.e. a set of
m X m matrices satisfying g’s commutation relations), then its exponentiation gives
an m-dimensional representation of G, which is again a set of m x m matrices. This
is exactly what is going on here. Since the Lie algebra of a Lie group is isomorphic
to the tangent space at the identity (g = T.G), and T,S® = span{Kv, Kyv, K3v},
{K,, Ky, K3} is a basis for a representation of the Lie algebra of S® (or, strictly
speaking, it is a basis for a representation of the Lie algebra of the Lie group SU(2),
SU(2) being diffeomorphic to S?, since the notion of group multiplication only makes
sense in this context). So as parameter we use § € R, and if we have a vector in
T,S3, say Ksv, then Kj is a 4-dimensional representation of the corresponding Lie

algebra element; and the map

6 — exp(0Ks), g eR (4.46)
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yields a representation on R* of the unique 1-parameter subgroup S' of S3 (or,
strictly, U(1) of SU(2)) whose tangent vector at § = 0 is K3v. This explains the
exponentiation calculation above, showing that if we select K3v to be our vertical
direction (and reverse the sign of 6 for exact agreement), then the group action can

be written as

as before - which is of a course a 4-dimensional representation of the St group action.
This form of expression for the group action makes explicit the correspondence
between the group action and vertical direction. We can in fact pick the vertical
direction to be any direction within the tangent space 7,53 and calculate the real
coordinate expression for the associated group action similarly, as follows. Take
a,b,c € R, fixed, and let

K = aK, + bK, + cKs (4.48)
Then
K? = (aK,+ bK2 + cK3)(aK, + bKy + cK3) (4.49)
= ( CL )I4 + ((lKleQ + -+ bKQ(IKl + - ) (450)
= (=a*—b*— A+ (ab(K3) + -+ ab(—K3) +---) (4.51)
= (—a® — A (4.52)
and writing a? = a2 + b2 4+ ¢ we get K2 = —a2ly, so that
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_ o [E’e n
Ko Z ( n') (4.53)
n=0
= (k)6
> w (4.54)
n=0 ’
0 277,9277, o0 2n+162n+1
> o (Byro | Z (4.55)
n=0 n=
* ((K ne?n i j{' n92n+1
d o+ Z (4.56)
o —~ 2n + 1)!
& (_ n92n o= n02n+1 - )
I K i K*=—-a"l
4;:0 + ; 2n + 1) since a’ly
o0 (_1) 2n02n 2n62n+1
I + K 4.57
1 nz_; o ZO 2n — (4.57)
> (_l)n 2n K e 0A9 2n+1
I —_—T + — 4.58
! HZ:O (Zn ! * o ; 2n +1)! (4.58)
K
Iy cos(af) — — sin(ab) (4.59)
«
in(ad
Iy cos(af) — sin(af) [aKl + 0K, + ch} (4.60)
COS(O&@) _bsinf)[aQ) _Csin((xae) _asin(aG)
B bsinéa@) COS(O&Q) a[sin(aoﬂ) _Csm§a0) (4 61)
- csinéa@) _asinflaa) COS(OJ@) bsinflaa) :
a smaoaO) Csmfxaﬁ) b Sll’l((XOée) COs (046)

So this is a real coordinate representation of the group action on R* which results
from choosing the vertical direction to be Kv € T,8%. Pickinga =b =0, ¢ = —1
verifies the previous case, (4.43). This discussion shows that selecting any particular
coordinate representation of the Hopf map, such as (4.16), is tantamount to selecting

a group action, or indeed a vertical direction in the bundle.

Remark 4.2.4. Notice that the period of this action is 27 iff a = +1, i.e. when
a’? +b* + c? = 1. Thus we have the interesting result that all 2w-periodic S* actions
in the Hopf bundle are parametrized by S* in this way. This aspect of the bundle

structure could well be a good subject for further investigation outside this thesis.

One important point to make, the origin of which lies in the above calculation

(step (4.60)), is that the group action for the a = b =0, ¢ = —1 case can be written
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as

o I,cos —Iysinf
7\ ILsin0 I)cosf

) = [ycosf — K3sinf (4.62)

4.2.6 The horizontal subspace

Now, we know that { Kjv, Kyv, K3v} is an orthogonal basis for 7,52, and that in the
particular coordinate system for the Hopf map on which we are focusing, K3v is the
vertical direction. We also know that every horizontal space H,S® must by definition
satisfy two properties, firstly non-degeneracy, T,,S° = V,S5% @ H,S3, and secondly
right-equivariance, (®y),(H,S*) = Hp,,)S?. Since Ksv is the vertical direction, the
space spanned by vectors {Kjv, Kov} already satisfies the first of these conditions
and has the added property of being orthogonal to the vertical direction. Moreover,
this first condition remains satisfied even following the addition of some component
of the vertical direction to each of the horizontal directions, say an amount d; in the
Kjv direction and an amount d, in the Kyv direction, yielding the space spanned
by vectors { Kjv + 81 K3v, Kov + 0o K3v}. Write

C1<(51) - Kl + (51K3
CQ((sg) = KQ + (52K3

so that

Kﬂ) + 51K31) = (Kl + (51K3)U == Clv
KQU + 52K31) = (K2 + 52K3)U = CQU

and the spaces we are looking at as potential horizontal subspaces are the spaces
spanned by {(jv, (v} for various values of §; and d,. The orthogonal case is just
the 0; = 6o = 0 case, which is the natural - or canonical - connection. Now, for
span{(1v, (v} to genuinely be a horizontal space of the bundle it must satisfy the
equivariance property, and to check this, to see if this imposes any extra constraints
on the system, in particular on the §;s, we substitute real coordinate expressions for

the various elements in to the equivariance condition equation, as follows.

4.2.7 Investigating equivariance of potential horizontal sub-

spaces

In order for the space span{(iv,(;v}, at the point v, to satisfy right-equivariance,

we require

(D) (H,S%) = Hep,(1)S° (4.63)
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which in the current notation becomes

Span{(Gg)*(Clv), (Gg)*(@v)} - span{Cl(va), Cg(va)} (4.64)

Keeping in mind that Gy : S* — S?, and (Gy). : T,5* — Tg,»)S®, if V€ R is a

tangent vector to a path v(t) on S® at t =0, i.e. V = %U(t)’tzo,

[(Ge)*

v] Vv = [(Ge)*

we then have

(4.65)

(4.66)

since Gy is just a f-dependent matrix

(4.67)

so (Gy)« = Gy. This is of course exactly the same calculation and result as we saw

before in (3.20), just using explicit coordinate representations for the group elements

(both as points in the group and actions on the group). Thus the equivariance

condition becomes

span{Gg(Clv), GQ(CQU)} = span{(l (Gov), CQ(va)} (4.68)

which in full K; notation is

span{GgKlv + 061G K3v, Gy Kov + 62G9ng}

= span{Kngv + 01 K3Gov, KoGov + 52K3va} (4.69)

But now, from (4.62) we have

Gy = 1,co860 — K3sin6 (4.70)

which implies
K\Gy = Kjcosf— K K3sinf = Kjcost + Kysin6 (4.71)
KyGy = Kycosh — KoKgsin) = Kycosf — K;sin6 (4.72)
G@Kl = Kl COSQ—K3K1 sin 0 = K1 COSQ—KQSiIle (473)
GyKys = Kycosl — K3Kysinf = Kycosf+ K;sinf (4.74)

and

K;Gy = Kszcosl — K3K3sin) = Kscosf+ Iysinf =  GypK3 (4.75)
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Then using these expressions we find

and

GyKq cos 20 + GyK,ysin 26

(K4 cosf — Kysinf) cos 20 + (K5 cos @ + K sin ) sin 260

(using (4.73) and (4.74)) (4.76)
(K cosf — Kysinf)(cos® § — sin 0) + (Ko cos @ + K sin 0)(2sin d cos 6)
Kycos® — Kysin?6cosf — Ky sinf cos? 0 + Ko sin® 6

+2K, sinf cos? § + 2K sin® 0 cos 0 (4.77)
K cos® 0 + Ky sin? 6 cosf + Kysin® 0 + Ky sin 6 cos® 0 (4.78)
K, cos §(cos® § + sin® ) + K, sin 0(sin® 0 + cos? §) (4.79)
Ky cosf + Kysind (4.80)
Ki(Iycosf — K3sin6) (4.81)
K,Gy (4.82)

—GoKysin 20 + GgK 5 cos 260

—(Kjcosf — Kosinf)sin 260 + (Ky cos§ + K sinf) cos 260

(using (4.73) and (4.74)) (4.83)

— (K cos — Kysin6)(2sin 6 cos ) + (K cosf + K sin)(cos® § — sin® 0)
—2K, sinf cos? 0 + 2K, sin? 0 cos 0 + K, cos® 0

So to summarize:

—Kysin?fcos0 + Ky sinfcos? 0 — K sin® 0 (4.84)
Ky cos® 0 + Kysin? 6 cos — Ky sin® 0 — K sin cos? 6 (4.85)
K5 cos0(cos® § 4 sin? 0) — K, sin (sin? 6 + cos® 0) (4.86)
Kjcos0 — Ky sind (4.87)
Ky(Iycos — K3sinf) (4.88)
KyGy (4.89)

KiGy = GoKjcos20 + GyKysin 20

KyGy = —GyKysin20 + GyK, cos 260

KsGy = Gok (4.90)
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4.2.7.1 The canonical connection

For the canonical connection we have §; = d; = 0, and the equivariance condition
is just
span{GgKlv, G@KQ'U} = Span{Kngv, KQG@'U} (4.91)

Then from linear algebra we know that for any vectors vy, ve, wy, wy € R,

span{vy, vo} = span{w, ws} < 3 a nonsingular 2 x 2 matrix M s.t.

[ilve] = [wi|we] M

nx2)  (x2 @2x2 92

where [v1|vy] denotes the matrix whose columns are the vectors vy, vo. Thus we seek

a nonsingular 2 X 2 matrix M = ( T ) s.t.

Mma1  Mag
[ch;gv KQGQU} - [G(;Klv GQKZU] ( M M > (4.93)
mo1 M2
Write this as
KlGQ'U = mnGgKl’U—l-mgngKQU (494)
KQGQU = m12G9K1U+m22G9K2U (495)

and substitute the first two equations of (4.90) to give

G@Kl cos 20v + GOK2 sin20v = mHGgKlU + m21G9K2v (496)
—G9K1 sin 26v + GQKQ cos20v = m12G9K1’0 + mQQGgKQ’U (497)

Then comparing coefficients we find

cos260 —sin 20
M= < sin20  cos 26 ) (4.98)

Therefore the equivariance condition is satisfied and H, = span{Kjv, Kov} is a
genuine horizontal subspace of the bundle. In addition, since M is a pure rotation,

we see that

as a point v moves along a fibre in the bundle, the horizontal subspace
formed by applying Ky and Ky to v spins around an axis in the vertical

direction at a rate of double the rate of movement along the fibre.
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4.2.7.2 The general case connection

Similarly, when 1, 65 # 0, we seek nonsingular matrix N = ( ZH ZIZ ) s.t.
21 T2

|: KlGQU -+ (SlKgGQU ) KQGQU + 62K3G9'U ]

No1  MNag

= [GgKlv + 01GoK3v ‘ GoKyv —l—(SgGngU] ( i ) (499)

Again, write this as

KiGov + 61 K3Ggv
= n11Go K10 + no1 Gy Kov + (61111 + danor ) K3Gyv (4.100)
K>Gov + 6o K3Gov
= n12Gy K10 + noa Gy Kov + (01112 + dangg) K3Gyv (4.101)

& [K1Gg + 61 K3Gg|v
= [nnGgKl + na1Go Ky + (1111 + 52n21)K3G9}v (4.102)
[K2Ge + 52K3G9]U
= [n12Go K1 + nasGoKs + (01112 + 6angn) K3Gylv  (4.103)

then using equations (4.71)-(4.75) we get

(K1 cosf + Kysin6) + 6y (K3 cos 6 + Iysin6)]v

= [nll(Kl cos — Ky sinf) + ngy (K cos§ + K sin6)

+(01n11 + dano1) (K3 cos + I, sin 6)} v (4.104)
[(K2cos0 — Kysinf) + 65(K3cosf + Iysinf)]v

= [nIQ(Kl cos ) — Ky sin ) + ngg(Ks cos 8 + K sin 6)

+ (01112 + dongg) (K3 cosf + Iy sin «9)} v (4.105)

& [cos@Kl + sin 0Ky + 61 cos 0Kz + 6, sin@LJv
= [nn(Kl cos ) — Ky sinf) + noy (Ks cos 8 + Ky sin6)
+ (01111 + d2ma1) (K3 cosb + Iy sin 9)}1} (4.106)
[ —sin 0K + cos 0Ky + 95 cos 0 K3 + 65 sin 014]1)
= [an(Kl cos ) — Ky sin ) + nga(Ks cos§ + K sin 6)
+(01112 4 dan92) (K3 cos O + I, sin 9)}@ (4.107)
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& [cos@Kl + sin 0Ky + 61 cos K3 + 0¢ Sin014]v
= [(nn cos 0 + nop sin @) K1 + (—nq1 sin 6 + nyy cos 0) Ky
+ (01111 + d9nay) cos O K3 + (51111 + Jane ) sin «9]4] v (4.108)
[ —sin Ky 4+ cos 0K + 05 cos 0 K3 + 9o sin 914}21
= [(nlg cos 0 + ngg sin 0) K1 + (—nq2 8in @ + ngg cos 0) Ky
+(01m12 + danag) cos O K3 + (01119 + danigy) sin 6[4] v (4.109)

Then since v, K v, Kov and K3v are mutually orthogonal, we can equate coefficients

to yield

cos = mnqpcosl+ ngsind (4.110)
sinf = —ny;siné + nyp cosl (4.111)
—sinf) = mnyycosf + ngysind (4.112)
cos) = —njasinf -+ ngy cosl (4.113)
01 = O0inyg + dangg (4.114)

8y = 6111y + Ooning (4.115)

The first four equations here are the same as in the case of the natural connection,

cos 20 —sin 260
N = ( sin20  cos 20 ) (4.116)

and they imply

However, given these n;; values, there are no values of ¢; and d, other than zero
which satisfy the final two equations. Hence we conclude that right-equivariance is

not satisfied for spaces span{((d1)v,((d2)v} unless d; = J» = 0, and so

the only equivariant horizontal subspace of this bundle is the subspace of

the tangent space orthogonal to the vertical direction.

4.2.8 The connection form interpretation

Sometimes it makes more sense to use the 1-form interpretation of the connection
instead of writing out horizontal spaces explicitly. Again let V € R* be a tangent
vector to S? at v. Considering subspaces of T,,S% whose direct sum with the vertical
direction gives the whole of T,,S?, as we are, the 1-form associated with any particular

such subspace is just the projection on to the vertical direction whose kernel is the
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given subspace. Thus the 1-form associated with the orthogonal complement of the

vertical space, span{K,v, Kyv}, is given by
w,(V) = (K3v,V), YoeSVeT,s? (4.117)
and the 1-form associated with the subspace span{¢;(d1)v, (2(d)v} is
W (V) = (K3v — 6, K1v — 0, Kov, V), Yo e S VeT,s? (4.118)

We now consider the equivariance condition for each of these cases again, but now

in the 1-form interpretation. Recall, the equivariance condition is

wa,u((Rg)V) = @, (wu(V)) D (4.119)

g

so in current notation, and using (Gy). = Gy, this becomes

WGyv (GQV) = Gg (wv(V))Gg (4120)

4.2.8.1 The canonical connection

Considering each side of (4.120) separately, with 1-form given by (4.117) we get

LHS = wa,(GyV) (
= (K3Gyv,GyV) (
= (G} K3Ggv,V) (4.123
= (K3v,V) by (4.90) (

RHS = Gj (ws(V))Go (4.125)
= (w(V))G5Gy (4.126)
= w,(V) (4.127)
= (K3v,V) (4.128)

so the equivariance condition is satisfied.
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

4.2.8.2 The general case connection

Considering each side of (4.120) separately again, with 1-form given by (4.118) we

get
LHS = wg,,(GoV) (4.129)
= ( K3Ggv — 01 K1Ggv — 0o KsGgv , GoV') (4.130)
= ( GFK3Gov — §,GY K1Gov — 6,G KyGov , V') (4.131)
= (K3v — (K7 cos20 + Ky sin 20)v
—09(— K1 sin 20 + Ky cos20)v , V) by (4.90) (4.132)
= ((—01 cos260 + 0 sin 26) Kyv
+(—018in 20 — 69 cos 20) Kov + Kzv , V) (4.133)

RHS = GJ((V))Go (4134
= G’QT( (K3v — 61 K v — 85 K90, V) )Gg ( )
= (K3v — 0, K10 — 8, K0, V)GY Gy (4.136)
= (K3v— 61 K10 — 6 K50,V) ( )

Then since Kqv, Kov and K3v are orthogonal, equating coefficients gives

— 9, = —0yc0s20 + dysin 20 (4.138)
—0y = —0;5sin20 — &, cos 20 (4.139)

for which the only solution is §; = d, = 0 and as before the equivariance condition
fails for general 91, 05, confirming that the only horizontal subspace is the orthogonal

complement of the vertical space.

4.3 Dynamics in the Hopf bundle using the quater-

nionic matrices

We now consider the C? case of the system of linear ODEs around which much of
this thesis is focused, and its description in terms of the quaternionic matrices. Let

u be a point in the ambient space C?, and let the ODE system be

w=Cu  u(t) € C? C € My(C) (4.140)
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

with appropriate initial conditions. We use ¢t as the independent variable for the
dynamics in this section to avoid confusion with the real part of z; = x; +iy;. Write
C as

C=A+iB A, B € My(R) (4.141)

and let z € C? be the projection of u on to S3, with 7 the norm of u, so we have:
u=rz, lIz|]| = 1, r=||ull, ueC?zeScC:reR (4.142)
The dynamics of r and z induced by @ = Cu are then

r! = Re(z7C%2) (4.143)
i o= (I —22")Cz+izIm(27Cz) (4.144)

and if we write the RHS side of (4.144) as F(z):
F(z):= (I — 22Oz +izIm(z" C%) (4.145)
then F': S? — T,S? (since z € T,S%), and equivariance is manifested in the equality

F(e?2) = ¢ F(2) (4.146)

Now, using real coordinates as before,

g
)@ (56
2 To +1Y2 T2 Y2 Y1 Y
Y2
(4.147)
with x = ( 1 ) RTES ( . ) € R?, 2 = F(z) transforms to
X2 Y2
o= —vwH)¥v, wves? (4.148)
where X is the 4 x 4 real matrix
A —B
= ( 5 ) (4.149)
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

We show this:

RHS (of (4.148))

and

RHS (of (4.144))

(I —vo")Xo (4.150)
Yv — vl Y (4.151)

(2 0)(2)
(Ion(E D) e
(mh)-() e o

(5

_ ( Zj ) (27 Az — 2" By + y" Bz + y" Ay) (4.154)

Az — By — xaT Az + xa” By — ay? Bx — xy! Ay
Bz + Ay — yaT Ax + y2T By — yy* Bx — yyT Ay)

(I —22")Cz +izIm(2" C2) (4.155)
Cz — zRe(27C2) (4.156)
(A+iB)(x +1y)

—(z +iy)Re[(z" — iy") (A +iB)(z + iy)] (4.157)

Az — By +iBx + 1Ay

—(z +iy)Re[(z" — iy")(Az — By + iBx + iAy)] (4.158)
Az — By +iBx + Ay

—(z +iy)Re [:UTA:E — 2T By + iz Bx +ixT Ay

—iyT Az + iy" By + y" Bx + yTAy] (4.159)
Az — By +iBx + 1Ay
—(z +iy) [2" Az — 2" By + y" Bz + y" Ay] (4.160)

Az — By — zaT Az + z2” By — 2y Bz — ay” Ay
+1 [Bz + Ay — yxTA:B + yxTBy - nyB$ - y?/TA?J}

which verifies the transformation, proving equivalence between (4.144) and (4.148).
Now write the RHS of (4.148) as Q(v):

Qv) := (I — "X (4.161)
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

then Q : S® — T,53, and equivariance is manifested in the equality
Q(GQU) = GQQ('U)
Since v € T,,S® we can express it in terms of our orthonormal basis:

0=0Qw) = a1(v)K1v+ a(v)Kv+  ag(v)Ksv, a; €R

€ H,53 eV,s?
with
a;(v) = (K;v,0) = (Kv,Q(v))

Note that we can also write «; as

(V) = (K, Q(v)) = (K, (I, —vv’)Lo)
= (K, %) — (K, 00" L)
= (K, %) — (v S) (K, v)

since vT' v is a scalar

= (K;v,>v) by skew symmetry of K

which helps in numerical calculations because of its reduced complexity.

4.3.1 Deriving the parallel transport equation

(4.162)

(4.163)

(4.164)

(4.165)
(4.166)

(4.167)
(4.168)

In this format, the phenomenon of parallel translation is particularly easy to under-

stand - as v moves around S? in accordance with the equations of motion, there is

another point on S?, say w, which is related to v via some (t-dependent) group action,

such that w has zero component in the vertical direction. We set v(t) = Gopyw(t),

and seek a formula for the phase 0(t) € R which keeps w(t) horizontal.

v(t) = Gypw(t)
dGy -

=0(t) = %Qw(t) + G@(t)’d)(t)

. dG
= —K3Gombw(t) + Gowpyi(t) since —2 = — K3Gly

do

= —éGg(t)ng(t) + Gopw(t) since K3Gy = GyK3

= Gg(t) [ — éng(t) + w(t)}
= Ghpi(t) = —0Kzw(t) + (1)

%)

(4.169)
(4.170)

(4.171)
(4.172)
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But

= Gyyo(t)

So we have

—OKqw(t) +w(t) = o1(Gow)GE K Gow + ao(Gow)GE KyGow

Now notice that

then use (4.90) to get

a1 (Gow)

as(Gow)

= o (v)K1v + ag(v) Kyv + ag(v) K3v
= o (Gow)K1Gow
+as(Gow) KoGow + a3(Gow) K3Gw
= a1 (Gow)G) K Gyw
+a(Gow)Gh KyGow + as(Gow) G K3Gow

—f—ag(Ggw)GgKgGg’w

a;(v) = (K, Qv))
= a;(Gow) = (K;Gow, Q(Gyw))
= <KiG9w, G@Q(w)>
= (G} K;Gow, Q(w))
= (G} K1Gyw, Q(w))

= ((Kjcos20 4+ K;ysin20)w, Q(w))
= cos20(K w, Q(w)) + sin 20(Kow, Q(w))
= cos20a;(w) + sin 200, (w)

= (GFKyGow, Qw))

= ((—K;sin20 + K5 cos 20)w, Q(w))

= —sin20(Kjw, Q(w)) + cos 20 (Kyw, Q(w))
= —sin 20 (w) + cos 20as(w)

a3(Gow) = (GF K3Gow, Qw))
= (Kzw, Qw))

= az(w)
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then substituting these results, along with equations (4.90), in (4.176) gives the
result
—0K 3w + 1 = o (w) Kjw + as(w) Kow 4 o (w) Kyw (4.192)

which implies

W o= a(w)Kiw+ ap(w)Kow  + \(oz;;(w)%—é)ng

iy - (4.193)

horizontal vertical
So for w(t) to be a horizontal path, w(t) must have zero component in the vertical
direction, which is the case iff as(w(t)) = —6(t). But as(w) = as(Gew) = az(v), so
the condition on é(t) for w(t) to be horizontal, in terms of the original path v(t), is

in fact
0(t) = —as(v(t)) = —(Ksv(t), Su(t)) (4.194)

Thus if we solve our system numerically for v(t), then solving this equation for 6

simultaneously will yield a curve 6(¢) which gives a horizontal path w(t) = GeT(t)v(t).

Remark 4.3.1. This expression for H(t) may well look new, but it is of course just
the same expression as was displayed in Chapter 3, i.e. equation (3.51), just written

in terms of the real coordinate system of this case. To see this, write

O(t) = —(Ksv(t),o(t)) (4.195)
i (1) a1 (t)
L Y2 () (1)

- e || ae | (4196)
—xo(t) 2 (t)

= —UY1T1 — YoTo + T1Y1 + T2Y2 (4.197)

Indeed, a3(v) is just the natural connection form evaluated on Q(v), see (4.117).

4.3.2 Numerical simulations

We present a few examples to illustrate how these concepts are implemented in

numerics and how 6(t) behaves in some real situations.

A first example

[ 3—i 24T (32 (17
0_(5+6i 1+9i>’ SOA_(E) 1)’ B_(G 9) (4.198)
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and integrate

v o= (I4—vo")Xo (4.199)
0(t) = —(Ksv(t),Zo(t)) (4.200)

from ¢ = 0 to ¢4z, using a variety of initial conditions. Note that C' has eigenvec-

tor/value pairs

. 0.8557
At = —0.3579 — 3.8460i & = ( 04301 1098761 ) (4.201)
Ay = 4.3579 + 11.8460i & = ( 0‘4833 8_7;208452 > (4.202)

The Matlab code integrate_real_coordsl.m performs this calculation, and pro-

duces output showing firstly the phase 6(t) required for w(t) to remain horizontal

as v(t) moves around, and secondly the image on S? of the solution path v(¢) under

the Hopf map. Figures 4.1-4.4 show the graphical output, with ¢,,,, = 2, 6(0) = 0,
. (142 1+ 2i —1-9i i

for initial conditions u(0) = ( 31 4 ) , < 30 + 4i > ,< 8 di ) ,( ; ), re-

spectively.

t-6plot,t =2 Image of path on 57 under Hopf map

25 ........... SERREEERRE e S .
2|:| .........................................
15 T T T, _.;\.\,
= P
1|:| ....................................... :
5 .......................................
0 | . i i
0 05 1 1.5 2

Figure 4.1: Phase required for parallel translation

Points to note about these numerical results:

e No significantly different behaviour, other than the cases shown, was observed

in the system, even after testing a wide range of initial conditions.
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t-8 plot, tmax =2

Image of path on 57 under Hopf map
DE e SRR RERIRTRITE R RRREE :
DO e
TE R gl
A0 b g =
e
5 .......................................
0 L L ; .
a 0.& 1 1A 2
1
Figure 4.2: Phase required for parallel translation
teplot t =2 Image of path on 57 under Hu:upf map
G PR RERERRREEE e : R SN SRt
2|:| .......................................... \ I {‘ ........
15k -0.A ’ll' lh‘*# ' \ |
m ..
....................................... . |:| IJ , :
‘;ﬁa;!ﬂ.!! l,!!g i! !
5 ....................................... s ‘*_ o %
0.5 7= ELE P #1
o os 1 15 5 M1 )
t

Figure 4.3: Phase required for parallel translation
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t-8 plot, tmax =2
25 .......... R REEEE L s

Figure 4.4: Phase required for parallel translation

e The phase 6(t) has very similar behaviour in all situations. Note however that
for certain initial conditions there is a transitional region for small ¢, and 6

may even go negative briefly, as in Figure 4.4.

e Ast increases, the image path on S? always spirals in towards the same point,
0.8439

T(V(tmaz)) = | —0.1473 |. This is of course just the image under the Hopf
—0.5184

map of the dominant eigenvector of C. Sometimes the spiral crosses between

upper and lower hemispheres, sometimes not, depending on the initial condi-

tion.

e The maximum time the simulation was allowed to run for was t,,,, = 400, and

the behaviour did not change over that time.

e The fact that in each case the phase required to maintain horizontality in
S3 settles to a curve with constant gradient, while the image of the solution
path on S? also settles to a fixed point implies that the solution v(t) on S®
is attracted to and remains on a single periodic (i.e. S') orbit. To see this,
observe that since the point on the base manifold is stationary, any motion
in the bundle must be only in the fibre over that point. But since the phase
gives a measure of the motion along fibres, and the phase required to maintain
horizontality is strictly increasing with ¢, there must be continuous motion in
the bundle, which must necessarily be unidirectional inside a single S* fibre,

and which therefore implies periodicity of the trajectory in the bundle space.

60



4.3 Dynamics in the Hopf bundle using the quaternionic matrices

This is a very interesting piece of data to be able to extract from the system
simply by looking at the problem from this new bundle perspective. To verify
that v(t) does in fact settle to a periodic orbit, the complex coordinates were
plotted for a range of initial conditions; in each case the predicted behaviour
was observed. Figure 4.5 shows plots of the two complex coordinates, the
first shows the trajectory in C of the first complex coordinate, vy (t) + ivs(t),
and the second shows the trajectory in C of the second complex coordinate,
vo(t) + ivg(t). The plots confirm that the solution settles to a periodic orbit
in 3.

Trajectory of first complex coordinate Trajectory of second complex coordinate
: P peeermnnnnnns e )

05|

05}

Figure 4.5: Plots of the two complex coordinates, illustrating periodicity

e Thus we are able to extract interesting geometrical information about the
global dynamics of & = Cu just by looking at the system from this new
perspective.

Another example

Trial and error was used to find the following system, which also exhibits interesting

behaviour:

9+ (B59+e€)i 2+8i (9 2 [ 594€ 8

C‘( —9 + 4i —1+9¢)’ SOA_(—g —1)’ B_( 4 9>
(4.203)
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As in the previous example, the code integrate_real_coordsl.m solves the system

. .. . .. 1424
numerically, but this time we use only one initial condition u(0) = ( T ),

3+ 4

6(0) = 0, and observe the behaviour as € varies. Figures 4.6-4.10 show the graphical
output for the cases e = 0,0.01,0.02248,0.03,0.05, with ¢,,,, picked appropriately

to show the relevant detail.

t-8 plot, tmax =4,=10

Al

Image of path an 5% under Hopf map

gl
i

t{i‘ﬁ'{““ﬁ’ﬂ‘ﬁ

G
H\ﬁxtﬁﬁkﬂt‘t“*:ﬂ iﬁﬂ

Figure 4.6: Phase required for parallel translation, e = 0

t-8 plat, b = 200, ==0.01

05 ; : i '
0 500 100 150 200
1

A
L

WA
it
) ﬂ‘;‘ﬂ'ﬁﬂ#ﬁ?"ﬁ?;

Figure 4.7: Phase required for parallel translation, ¢ = 0.01

Remark 4.3.2. Note how the trajectories on the S* pictures are raised off the

surface of the sphere. This is just because the underlying sphere is plotted with

diameter slightly less than 1, so that the points are easier to see.
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t-6plot, t__ =100, == 002248

T R ERPRERY :
T R
= = 5
B & ;
: . *L. fmﬂlﬂ :
|:|5 .................... 1. “ ##“ﬁ;,,m{r
X
0 L ;
0 a0 100

Figure 4.8: Phase required for parallel translation, ¢ = 0.02248

t-8 plat, L—— 200, e=0.03

Irmage of path on 5% under Hopf map

1,'Elm...'i

i g;'truﬁu # i
_mﬂﬂ\ wmwvf} .

""".lll'ﬂ." ‘#‘i‘_

Figure 4.9: Phase required for parallel translation, ¢ = 0.03
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t-8 plot, tmax =4, =004

Image of path on 5% under Hopf map

T
Al

Il
i

il

i A
i
j II‘III&%MH BT

i
Lke

Figure 4.10: Phase required for parallel translation, e = 0.05

Notes on these numerical results:

e In all these simulations the trajectories on S? are virtually identical - from the
point of view shown in these pictures, they begin at a point on the far side of
the sphere, curl round under the sphere towards us, then spiral in to a point

just below the equator.

e In Figures 4.6 and 4.10 we have ¢,,,, = 4 in order to highlight the extra detail
in the 6(t) curve at small ¢, whereas in figures 4.7 and 4.9 we show longer
time-scales in order to highlight how 6(¢) has constant gradient over longer

times.

e The behaviour observed in this example is very similar to the previous example:
in general the phase has a brief transitional period for small ¢, then evens out
to a constant gradient curve for the rest of the simulation, while the trajectory

on the base manifold is attracted to a stationary point.

e However here we see how the phase required for parallel translation differs
between different systems. e parametrizes the systems, and as it varies between
0 and 0.05 we find that the gradient of the phase curve varies smoothly from

negative to positive.

e The sequence of figures shows explicitly how the behaviour of the systems
varies, depending on parameter €. It shows that there is some critical value

€ = €y ~ 0.2248 with a phase curve of gradient zero, which separates systems
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of positive and negative gradient phase curves. For the system with € = ¢,
after the brief transitional period, there is no motion on the base manifold, and
also no motion within the fibre above the stationary point on the base. This
implies that the trajectory which starts at the given initial condition converges

to a fixed point on S3.

e For values of € either side of ¢y, the trajectories converge to stationary points
on the base manifold with constant periodic motion in the fibre above that
point. The direction and speed of the S motion are given by the gradient of

the phase curve.

e Again we confirm that these inferences are correct by plotting the trajectories
of the two complex coordinates for each of the e values; these plots are shown
in Figures 4.11-4.15.

Trajectory of first complex coordinate Trajectory of second complex coordinate

Figure 4.11: Plots of the two complex coordinates, e = 0

e Note that in Figures 4.11 and 4.12 the trajectories of both complex coordi-
nates proceed in a clockurse direction, whereas in Figures 4.14 and 4.15 the
trajectories proceed in a counter-clockwise direction. This conforms with the
inference made from the gradient of the phase curve regarding the direction

of motion in the fibre.

e What these figures do not convey is the speed of the dynamics: for the values
of € nearer to €y, the periodic trajectory is traversed a lot slower than for those

values further from ;. Comparing 4.13 to the other figures, we see that in
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Trajectory of first complex coardinate Trajectory of second complex coordinate

Figure 4.12: Plots of the two complex coordinates, e = 0.01

Trajectory of first complex coordinate Trajectory of second complex coordinate
1 ............ IEEERTREREEE IEEEREREREER : 1 .......... IR R [EERTEEREE :

0.5 0 0.5 Tz 0 0.2 0.4 0.6

Figure 4.13: Plots of the two complex coordinates, ¢ = 0.02248
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Trajectory of first complex coordinate Trajectary of second complex coordinate

Figure 4.14: Plots of the two complex coordinates, ¢ = 0.03

Trajectory of first complex coordinate Trajectary of second complex coordinate

Figure 4.15: Plots of the two complex coordinates, ¢ = 0.05
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this case the trajectory consists of the first part only of the trajectories seen
in the other cases - i.e. a short path going from the initial condition to the
point of first contact with the periodic orbit. In the ¢, case, the trajectory
arrives at this point and stays there indefinitely, while for € very close to €,
the trajectory arrives at this point then moves very slowly away from the
point, around the periodic orbit, and remains on that path. Thus we have an

unstable fixed point of the dynamics.

e Again, we have extracted a surprisingly large amount of important informa-
tion about the dynamics of the systems just by using this new bundle/phase
perspective. Techniques derived from these observations could potentially be
used in practical situations where specific combinations of periodic orbits and

stationary points are required to satisfy certain physical constraints.

Another example: the test-case

We now apply the concepts developed here to the test-case of Section 1.3. Recall,

the system, written in its original notation is

uy = Az, Nu, re€R, Ae A=C\ {(—o0,—1]}, u= ( “ ) € C? (4.204)

where
0 1
Az, \) = ( A4 1—2f(z) 0 ) (4.205)
flx) = gsechQ%x (4.206)

and we want to integrate the system from x = L to —L, using as initial condition

=60 =( _ 57 ). (4.207)

which is the eigenvector corresponding to eigenvalue ji; (A) = —v/X + 1 of the system
at infinity, Ao (A).

Now if we translate this to the notation of this section (taking care not to get
the two matrices A = A(x, A) of (4.205) and A = Re(C) of (4.141) confused, and

using independent variable ¢ instead of ), we get

C:<)\+122f(t) (1)>:A+iB € M(C) (4.208)
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A= ( Re()) +(i — 25 (1) 0 )  B= ( Im(z)\) X ) € M(R)  (4.209)

0 1 0 0

A -B Re(A) + 1 —2f(t) 0 —Im(\) 0
Z:(B ) ): . X ) . (4.210)

Tm()) 0 Re(A)+1—2f(t) 0

then the equation of motion to solve is

T Re(ul)

: 1 Re(us)
— (I, — vu")Y N 2 3 C R 4.211
0= (I —vv" )X, v " Tall | Tm(un) €S’ C ( )

Ya Im(us)

and the parallel translation equation to be solved in conjunction with this is
0(t) = —(K3v(t), So(t)) (4.212)

The initial condition from the original system for the first of these two dynamics

equations translates to

x1(L) 1
o(L) = zf((f; _ \/ﬁ RelovAT ) cgrcrt (aa)
(L)

Im(—vA+1)

and for the second equation the initial value is arbitrary and does not affect the shape
of the resulting 0(t) curve; we take 0(L) = 0. We take L = 10 and solve the system

for t = L to —L for a range of values of A, in order to provide more concrete examples

Y2

of how 6(t) behaves. The Matlab code integrate_real_coords2.m implements
these simulations, and Figures 4.16-4.21 show the graphical output for the cases
A=—-14+0.53,0.14+1408+0.1¢,—0.75, —i, —1 — 0.1¢. The figures show three plots;
the left plot shows the A value under consideration, plotted alongside the three
eigenvalues of the system (on the real axis); in the middle is the phase plot; and on
the right is the image of the solution path under the Hopf map, as before.

Points to note about these numerical results:

e There are clearly some very interesting patterns here, and the phase 6(t) ap-

pears to vary with A in a nontrivial way.

69



4.3 Dynamics in the Hopf bundle using the quaternionic matrices

h=-1+15i t-&plot, L=10
2 - - :
1
I
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-1
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Fe(d) t
Figure 4.16: A = —1+0.5¢
A=01+i t-&plot, L=10
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: Irmage of path on 57 under Hopf map
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Figure 4.17: A=0.1+41
A=08+1i t-6 plot, L=10
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Figure 4.18: A =0.8+0.1¢
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A=075 t-0plot, L=10
2 — : . . | peeeannn PP
1 ......................... 05
E D _*__*_ ...... _*. ......... “6 D
1 ............................ _DS .............................
2 -1
1 0 1 2 3 10 ] 10
Re() t
Figure 4.19: A\ = —0.75
A=0-1i t-Oplot, L=10
2 — . . . Olgememen e .
.
o I =
E D ,_*._*. ....... _*. .......... “6
[ - * ...................
2 -15
-1 ] 1 2 3 10 ] n
Re(X) t

Figure 4.20: A = —i

Ao=-1-001i t-6 plot, L=10

Figure 4.21: A= —-1-10.12
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

The image paths on S? also appear to be related to the values of \ used.

The phase seems to be approximately a straight line with gradient proportional

to Im(A) with an S-shaped bend around the ¢ = 0 region.

As Tm()) crosses the real axis the image path on S? seems to expand from a
small closed loop to a larger closed loop, which then becomes a great circle
on the sphere, and finally crosses over to the other side of the sphere and
then contracts to a smaller closed loop approximately the mirror image of the

original loop.

The Matlab code integrate_real_coords_phaselattice.m was written to
provide another perspective on the situation, by presenting all the phase data
at t = —L together in one picture. The program calculates the final phase
0(—L) for a lattice of A values, and plots the resulting data as a surface over
the A—domain, C. Figures 4.22 and 4.23 show the graphical output. Notes

about these figures:

— The horizontal plane axes are labelled by the indices of the surface array,

not the actual real and imaginary A components.

— In Figure 4.22 the Re(\) axis goes from —4 to +8, and the Im()\) axis
goes from —2.17 to +2¢. The surface mesh has intervals of 0.13 in both

the real and imaginary directions.

— Figure 4.23 is a close-up version of Figure 4.22, zoomed in on a small
region containing the three discrete system eigenvalues, at —%,0,% on

the real axis.

— In Figure 4.23 the Re(\) axis goes from —0.9 to +1.6, and the Im(\) axis
goes from —0.17 to +0.17. The surface mesh has intervals of 0.013 in both

the real and imaginary directions.

— These pictures are fascinating. The first figure shows the general pattern
of the phase, and how the real component of A seems to be driving the
magnitude of the phase, while the imaginary part seems to determine
its sign. The figure even shows the location of the branch cut in the
A-domain (where the continuous spectrum of the system is located), as

we have a sign change in 6(—L) on either side of the cut.
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Figure 4.22: Test-case phase surface.
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w
,@;f"’

150
@00 [m(A) axis
) (-0.71 — 0.10)
Re(A) axis
(0.9 —=1.6)

Figure 4.23: Close-up of test-case phase surface, showing ripples at eigenvalue loca-
tions (A = —3,0, 2).
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4.3 Dynamics in the Hopf bundle using the quaternionic matrices

— The second figure shows that when we look in detail at a small region con-
taining the system’s discrete eigenvalues, we see that the phase at —L is
being affected in some way by the presence of the eigenvalues, manifested
in slight ripples in the surface. This suggests that the information we
are extracting by isolating the phase in this manner may be very deeply
linked to fundamental system properties such as eigenvalue location, and
that consequently there may be potential for developing methods which
employ such a link to analyze systems in greater depth, or with greater

ease, than is currently possible.

4.3.3 Summary of numerics

These numerical examples demonstrate the wealth of information which appears to
be inextricably linked to the phase of a path on S?, and the extent to which we may
be able to extract crucial geometrical information about the dynamics of systems

just by reframing problems in terms of fibre bundles and phases.
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Chapter 5

Phase computations for the
test-case and the central

conjecture

In this chapter we consider the test-case in closer detail; we define three types of
path in the system space, then calculate the phases associated with these paths. The
numerical results here lead to the central conjecture of the thesis. Note that even
though this system is on C? and could therefore be treated using the simplified Hopf
quaternion notation and equations of Chapter 4, we instead return to the general
vector notation of Chapter 3, in order to place the phase calculation process in a
general Hopf bundle setting, since subsequent numerical investigations will involve

systems of higher dimensions.

5.1 Defining paths in the test-case system space

Recall, the test-case is the system

uy = A(z, \u, reR, Ae A=C\{(—o0,—1]}, u=u(z,\) = ( “ > eC?

Uz
(5.1)
with
Az, \) = ( A4l E 24 (x) (1) ) : flz) = gsech2%:c (5.2)
and we have
A(N) = lim A, N) = ( AL é) (5.3)
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5.1 Defining paths in the test-case system space

with eigenvalue/vector pairs

pe(N) =FVA+L, LN = < q:\/)1\—+1 ) (5.4)

and the eigenvector corresponding to the eigenvalue of most negative real part, i.e.

corresponding to the space of solutions to (5.1) bounded as x — +o0, is written

w0 =60 = _ 57 ) (5.5

Being doubly asymptotically constant in z (and well-behaved Vx), the system is
amenable to analysis by the Evans function method. Consideration of this method
reveals that due to the structure of the problem there are certain preferred paths
within the system space, namely paths which involve eigenvectors of the system-at-
infinity, A.,. Then, since it is precisely this structure which permits the application
of the Evans function method, and which hence leads to the determination of discrete
eigenvalues A of the underlying problem (see Section 1.2), we investigate paths based
on this asymptotic structure, with a view to exploring whether there exist any further
associations between the system and its eigenvalues. Define three types of path in

the system space as follows:

e Path v, - paths of eigenvectors of A, (\). Since both the system-at-infinity
and its eigenvector us(A) depend on A, us can be regarded as a map from
the parameter space to the system space, to : A — C2. Then let A : R — A
be a path in the parameter space A, so that the composition (us o A) is a
path of eigenvectors of A, (A\) in C? along which the associated phase may
be calculated. We call this type of path a 7, path. Furthermore, writing
spherical projection as P, the map (P ous o A) : R — S? is the path on
53 along which the connection form is integrated to give the phase associated
with a 7; path. We can then pick the A-path to be an interesting path in
A; in this work we focus on closed loops in A-space, with special emphasis on
consideration of whether the path encircles any of the discrete eigenvalues of
the underlying system or not. In choosing a A\-path in A, attention should be
paid to the location of known eigenvalues, continuous spectrum and any other

system-specific properties.

e Path 7, - paths of solutions to u, = Au. For any given A € A, solving
(5.1) with initial condition us()) yields a path of points in C? along which
the associated phase may be calculated. We call this type of path a v path.
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5.1 Defining paths in the test-case system space

Spherical projection of this solution path again gives the path on S® along
which the connection form is integrated to give the phase associated with a 7,
path. Note that since the initial condition us () is defined as the eigenvector
to the system “at infinity”, generating a 7, path by solving u, = Au numer-
ically from this vector requires picking a real number L > 0 to represent the
value of z in this limit. L should be large enough to give an acceptably small
error. Thus u(L,\) = ux(A) is the initial condition from which numerical
integration begins, and integration proceeds in the negative x direction, down
to some other chosen value x = L' < L. In general for v, paths, as with all
numerical integration, attention should be paid to properties of the system
which may affect the outcome of the computation, such as the presence of

singularities of the system.

e Path ~; - paths of flowed-forward paths of eigenvectors of A, (\). To
generate a 3 path simply combine a ~; path with a host of v, paths: take
a v, path on C?; then use each point of this path as the initial condition for
solving u, = Au, thereby generating a collection of 7, paths on C2. Define
a 73 path to be the set of end points of the v, paths, i.e. the collection of

solution vectors u(L’, \).

From Chapter 3 we have that for v; and 3 paths the associated phase is given by
expression (3.35):

B Im(u(s)Tug(s))
0s) = / ( () u(s)) )ds
while for 7, paths this reduces to (3.54):
_ Im(u(s)? Au(s))
0s) = / ( () 7u(s)) )ds

We illustrate these three paths in Figure 5.1, suppressing dimensions where ap-

propriate.

Remark 5.1.1. We could just as easily base the whole procedure around the eigen-
vectors of A_o(N). (In this case a~y, path would be a path of eigenvectors of A_o(N),
a vo path would be the solution path formed by integrating in the positive x direc-
tion, from —L to L' > —L, and a 3 path would again be a path of ya-endpoints,
u(L';N).) The effect of the asymptotic structure of the system on the results and
concepts presented here could be a subject of further study beyond this thesis, in
particular, looking at what happens if the systems As(\) and A_(X\) are not the
same; or if the system is only asymptotically constant in one of the limits, but not
both (this case is briefly discussed in Section 6.3).
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5.1 Defining paths in the test-case system space

v
)

[ —

AM:R—-C

We begin with a path of points A(s) in C...

Uoso : C — C2
... then u, maps this path of vectors

in C to a v, path of vectors in C2...

...then solving u, = Au from z = L to L'
generates -y, paths in C2...

...the end-points of which
together form a
3 path in C2...

~..and these three types of path in
C? project to paths on S3 along
which we integrate the connection

form w to calculate the phase...

m:8% =52

...and of course all these paths may then
be mapped onto S? by the Hopf map.

S22 CR3

Figure 5.1: Illustrating the three types of path on S3
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5.2 Numerical results and details of path parametrization

5.2 Numerical results and details of path parametriza-

tion

5.2.1 Path Y1
~v1 parametrization

To generate y; paths we use circular A-paths in C. Take centre Ay and radius r, and

let s be the path parameter:
A(s) = Ao + 7€’ Mo €C,r e R s €[0,27] (5.6)

then use us, to map this to a path u(s) in C*

) =06 = (i ) (5.7

then since the phase curve associated with this path is given by

- (B

(as in (3.35)) and u(s) = u(A(s)) here, we have ugs = uyAs, with

As(8) = ire” (5.9)

0
uy = 1 (5.10)
24/ A(s)+1

so the final expression for the associated phase curve for a v, path is

Im[ufuy )]
0(s) = /st (5.11)
and the phase change around a ~; path is
2w H
Al = / fmfu(s) uA(S)AS(S”ds (5.12)
0 u(s)u(s)

Using the Runge-Kutta algorithm ode45, the Matlab code integration_at_L.m
performs this numerical phase calculation. The solver ode45 is used because it is
the standard high-performance workhorse for most ODE problems dealt with in
Matlab, and it is usually the most efficient [18]. Unless stated otherwise, the default
absolute and relative tolerances of 107¢ and 1072 respectively are used throughout
all computations presented in this thesis. As always there is a balance between
efficiency and accuracy, but in general it is found that the numerics produced using
default tolerances provide sufficiently accurate results to represent well the large-

scale patterns observed here.
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5.2 Numerical results and details of path parametrization

Remark 5.2.1. An alternative numerical scheme was also developed and imple-
mented in order to verify the accuracy of the numerical results produced using the
above code. This verification process consisted of deriving and solving the dynamics
equations induced on the natural atlas of charts of CP"™! (see e.g. [21], p.223). The

results showed the two numerical methods to be consistent.

For \g = 1+ 0.2¢, r = 0.8 and §(0) = 0, integration_at_L.m produces the
graphical output shown in Figure 5.2. (The filename refers to the fact that L is the

large number used to represent co.)

A-path: Ay =140.20 v =08 ¢ grom niot, A6)/(2n=0.0091977
: : 006 |- rdedodod
004 | b
0.02
0
002
004
0.06

Irmage of path an 5% under Hopf rmap

Figure 5.2: Graphical output for 7, path with A\g =1+ 0.2¢,7 = 0.8

e The plot on the left shows the circular path traced out by A(s) as s goes
from 0 to 2w, plus the three discrete eigenvalues of the system marked with
asterisks. (Recall there is a continuous spectrum on the real axis from —1 to

—00.)

e The plot in the centre shows how the phase (s)/2r varies as the A-path
is traversed. Note the scale factor 2m; although it has little effect on these
results, this factor becomes important in future calculations, so we introduce

it here for consistency.

e The plot on the right shows the image on S?, under the Hopf map, of the
path on S? obtained by spherical projection of the ; path in C2. 7; represents
the ith component of the Hopf map, while v represents points of the path on

S3 written as complex 2-vectors as usual.

As the program runs, it traces out the three curves, point by point, simultaneously.
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5.2 Numerical results and details of path parametrization

~v1 numerical results

Figures 5.3-5.9 show the same trio of output graphics for a variety of A-paths, as

defined by the Ay and r values, which are shown in the figures, again with 6(0) = 0.

Table 5.

Imia(=))

Imia(s))

1 summarizes the results for the v, paths presented here.
A o-path: Ao =0+1i ,r=08 ) —
2 IU = &/in) pl?t' ﬁ(e)an)-D.Dﬂ_??E Image of path an 5% under Hopf map
: P 0.05 - R
il S 0041 NGt o —
- 002 XA SIY )
()] e Feeeedinen = ] : : : : S
: = : : : "W'I'"‘?‘NI":‘
A T 0m : T
APt g
L I 006
Ta40 12 3 o2 5 8
Re(A(s)] 5

Figure 5.3: Graphical output for v; path with A\g = 4,7 = 0.8

Bo-path: Ag =240, r=0.8

&-8/(2m) plat, A(E)/(2m=00026538 Image of path an 5% under Haopf map

2
N 0.06 -
S — 0.04
: 0.02
: =
Df ikt = 0
S ® oo
-1 iy o
L 0.06
2
1 0 1 2 3 o2 B 8
Re(A(s) g

Figure 5.4: \p =2+ 14,7 =0.8

v, comments

The key points to note about the v; path results (including both the results presented

here and various other paths, of which these results are representative) are:

e The phase curve is periodic plus some slight shift away from the initial 6 value

(zero here).
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5.2 Numerical results and details of path parametrization

A-path: by =0 ,r=08

0.06
0.04
002}

a2y

0.0z
-0.04

s-8f2m plot, AE)(2n=0.055626 Image of path on 5% under Hopf map

0

0.06

Figure 5.5: \g = 0,7 = 0.8

2 ;
B S T L
5 L
= o0}  SRRRINE
E L
gl .
2 :
T o0 1 2 3
Re(h(s)
Ao-path: hy =1 ,r=08
2

Imia(s))

Imia(=))

2 —
T T
Of oo
Al Lo
2 :

1 0o 1 2 3

s-6/(2n) plu_t, .ﬁ(e)f(En):.D_DDBIBWE Image of path an 5% under Hopf map

006} e e FERREE f

0.04 ST SRR SR
0.0z}

=

a N
002 : : :
o0l Lo R PR
006!} ...... ...... .......
o 2 4 & &

s

Figure 5.6: \p =1,7r=0.8

A -path: Ay =0-1i ,r=08

Bisin

s-B/lm) pl_ut, A(B)I(Zn)fD_DQZIT?E Image of path an 5% under Hopf map

0.0
0.04
0.02
D :
L]
-0.04
-0.0&

Figure 5.7: \g = —i,7 = 0.8
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2

Imiafs))
¥
*
4

A -path: ,’l.u =01i,r=05

Blsin

Figure 5.8: A\g = —4,7 = 0.5

A-path: Ay =210, r=08

2 —
i SPION
1]
2 ;

10 1 2

Figure 5.9: \y =2 —1,7=0.8

-8/ (2m) plot, AE)/(2
006

0.04
0.0z

0.0z
-0.04
-0.06

as)i2y

a

006}

0.04
0.0z

0
002
-0.04
-0.06

s-6/(2n) plat, A(GY(2n=0.0026513
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5.2 Numerical results and details of path parametrization

Figure No. centre of \- radiusof \- No. of system eigenvalues A6f/27

path, A\g path, r contained within A\-loop
5.2 1+0.2¢ 0.8 1 0.00918
5.3 ? 0.8 0 0.02277
5.4 2+1 0.8 0 0.00265
5.5 0 0.8 2 0.05563
5.6 1 0.8 1 0.00932
5.7 —1 0.8 0 0.02277
5.8 —1 0.5 0 0.00772
5.9 2—1 0.8 0 0.00265

Table 5.1: Summary of numerical results for v; paths shown

This shift factor appears to depend on the proximity of the A-path to the
continuous spectrum of the system: the closer it passes to this region, the less
symmetric the phase curve is and the larger the shift. The system has a singu-
larity at points on the continuous spectrum (the nearer the A-path passes to
this region, the closer the matrix A(x, \) comes to being degenerate for some
x value). This singular behaviour may be leading to greater numerical inaccu-
racies being generated in this region. However, tuning of the stepsize variable
and absolute and relative tolerances, and even the application of alternative
ODE solvers, failed to eliminate these shift factors. Thus a complete explana-
tion of this phenomenon would require a more rigorous study than we propose
here, necessarily addressing the relative merits of various numerical methods
under degenerate conditions; this could easily form the basis of a future study
beyond this thesis.

Thus the phase change A around 7, paths appears to be zero plus some

fluctuation, possibly due to numerical error.

The path images on S? are closed, circular paths. Their being closed is a
consequence of the A-paths in C being closed, while their being circular is a
consequence of both the A-paths being circular and the precise forms of s,

and the Hopf map, since no numerics are used to generate these paths.
The A-path radius does not in itself appear to affect the phase curve.

The system is symmetric about the real axis in the A-plane.
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5.2 Numerical results and details of path parametrization

5.2.2 Path 7
~v9 parametrization

To generate v, paths we fix A then solve (5.1) numerically from x = L down to

x = L' < L with initial condition

W(L\) = s (M) = ( B \/i—+1 ) , (5.13)

L is the large number used to approximate co in computations. The path parameter

is just the independent variable z in the ODE and the associated phase curve is given

by
[ Im(u(x)" Au(x)) .
o) = [ i 514)

as in (3.54), and the phase change is
L Tm[u” Aul
Al = ——Fd 1
/L o (5.15)

So to calculate the associated phase along 72 paths we append this equation for 6(z)
to the ODE system (5.1) and integrate it in parallel. The Matlab code

integrate_x_direction.mdoes this and, for A = 144, L = 10 = —L" and §(L) = 0,
produces the graphical output shown in Figure 5.10. Note that throughout this sec-

A=1+1

Figure 5.10: Graphical output for v, path with A =144, L =10 = -1/

tion 5.2.2 only, the absolute and relative tolerance parameters used within ode45 are
set to 107!2 and 1072 respectively (in order to give the clearest diagrams possible).
The format of the diagrams is as before: the plot on the left shows the single value
of X\ being used (the plus sign), along with the three eigenvalues of the system (the
asterisks); the plot in the middle shows how 6(z) changes as the path parameter
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5.2 Numerical results and details of path parametrization

goes from L to L’ in the calculation; and the plot on the right shows the image
on S?%, under the Hopf map, of the projection of the v, path on S®. Again, as the
program runs, the two curves on the right are traced out simultaneously point by
point. Figure 5.11 shows a close-up of the plot on the right: the image trajectory

on S? is roughly teardrop-shaped. However, what these still figures do not convey is

Image of path an 5% under Hopf map, A=1+1i ,L=10, I_prime =-10

e \
o] il

o] o M ||" T

i

Figure 5.11: Close-up of right-most plot of Figure 5.10

the dynamics of the trajectory: the path begins at the apex of the teardrop, travels

around the boundary of the shape then returns, along the other arm, to the apex.
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5.2 Numerical results and details of path parametrization

v numerical results

Figures 5.12-5.22 show the same trio of graphics for a selection of \ values, with
L =10 = —L' fixed. The spheres on the right have been rotated appropriately to
give the best view of the trajectory.

=1+ wB2m plot, L=10, L, =-10
o . ; ; B ECTESPPSTRRTOOY . Image of path an 57 under Hopf map

Figure 5.12: Graphical output for ~, path with L =10= —-L', A= —-1+1

A= -1-10 #B¢(2m plot, L=10 L . _=-10
2 I B Lprlme Image of path on 5% under Hopf map

. N . . _4 N N
4 o0 1 2 3 10 0 -10
Figure 5.13: A= —-1—1

Figures 5.23-5.25 show the trio of graphics for 3 different values of L = —L/,
with A = 0.5 — 0.5¢ fixed.

Table 5.2 summarizes the results for the v, paths presented here.

Y2 comments
The key points to note about these numerical results are as follows:

e These results are the same as those presented in Section 4.3.2 of Chapter 4,

since we now classify the path investigated there as a 5 path.

88



5.2 Numerical results and details of path parametrization
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Figure 5.15: A = —0.75
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Figure 5.16: A = —0.54 0.5¢
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Il
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h=-015 5
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Figure 5.17: A= —0.5
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Figure 5.18: A =0
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Figure 5.19: A = 0.5+ 0.5¢
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a=1725 }('84"(211:] plDT, L=10 \ Lprime =-10
2 " } " " A Image of path on =% under Hopf map
N O
2ol oiedoe g : . :
L I R ; bl
' g
BT T
2 4 i
1 0 1 2 3 10 -10
Reii) ¥
Figure 5.20: A =1.25
A=2+1.5i0 w-bf(em) plot, L=10, Lprime =-10 Image of path on 5% under Hopf map
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Figure 5.21: A =2+ 1.5¢
A=24 x-6(2m) plot, L =10, Lprime =-10 Image of path on 5% under Hopf map
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Figure 5.22: A =2.5
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A=0505

Il
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x-bf(em) plot, L=10, Lprime =-10 Image of path on 5% under Ho

pf map
B e e .

Figure 5.23
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Il
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Figure 5.25

A=0.5-—05i, L=50=—L
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5.2 Numerical results and details of path parametrization

Figure No. A L(=L) A0/2r
5.10 141 10 1.4295
5.12 -1+ 10 2.9440
0.13 —1—1 10 -2.9440
0.14 —-0.9+40.1¢ 10 1.3373
5.15 —0.75 10 0.0000
5.16 —0.5+0.5¢ 10 1.7737
5.17 —0.5 10 0.0000
5.18 0 10 0.0000
5.19 0.5+ 0.5¢ 10 1.0315
5.20 1.25 10 0.0000
5.21 2+1.5: 10 1.5476
0.22 2.5 10 0.0000
0.23 0.5 —0.52 10 -1.0315
5.24 0.5 —0.52 20 -1.6727
0.25 0.5—0.5 20 -3.5961

Table 5.2: Summary of numerical results for v, paths shown

In contrast to v, paths, v9 paths are not periodic but have fixed sign gradient

or zero gradient - depending on Im(\).

These results essentially combine to form the same phase surface as shown in
Figure 4.22.

For Tm(\) # 0 there is a symmetrical step in the phase curve in a region about
x = 0. The size and location of this step is resistant to changes in L, as shown
in Figures 5.23-5.25.

For Im(A\) = 0, 6(x) is constant and the image trajectory on S? is all or part
of a great circle, as shown in Figures 5.15, 5.17, 5.18, 5.20 and 5.22. This
includes the cases where A is one of the system eigenvalues, but this has no

apparent effect on the results.

The image curves on S? are closed and depend closely on Im()). For large
|Im(\)| we get tiny loops, as in Figure 5.21. For smaller [Im(\)| we get larger
teardrop shapes, as in Figure 5.19. For Im(\) = 0 we get great circles or parts
thereof, as in Figure 5.15. The sign of Im()) dictates which side of S? the

trajectory appears on: as Im(\) goes from large positive through zero to large
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5.2 Numerical results and details of path parametrization

negative, small loops turn to larger teardrops on one side of S?, which turn to

a great circle then cross over to large teardrops then small loops on the other
side of S2.

e The image curves on S? show interesting behaviour when ) is near the con-

tinuous spectrum (and Im(\) # 0), as shown in Figures 5.14 and 5.16.
e The system is symmetric about the real axis in the A-plane.

As interesting and deserving of further study these results may be, they form

only part of a larger picture, which is described in the following =3 section.

5.2.3 Path 73
~v3 parametrization

To generate 3 paths we begin with circular A-paths in C, as in the v; case, parametriz-

ing them just as before
A(s) = Ao + e’ X €C,r e R s €0,27] (5.16)

Again use u., to map this A-path to a closed loop in C?. Then use points on this
loop as initial conditions for generating 7, paths emanating from these points, the
end points of which combine to form the points of the ~3 path. Using this method
the parameter for the A-path, s, is also the parameter for the 73 path. We write
the points of the v3 path as u(L’, A(s)); this is the vector in C? which results from
solving u, = Au from L to L’ with initial condition u.(A(s)), and is consistent with
previous notation.

So the expression for the phase curve associated with a 3 path is

s) = Tm[u(L', A(s))us (L', A(s))] s
)= [ i)

(5.17)

and the phase change around the ~3 path is

[ (A (L M)
ao= ey (5-18)

Now, in order to compute this phase, the value of the derivative of the path vector
u w.r.t. path parameter s, ugs(L';A(s)), must be known. But since there are no
analytic expressions for any of these vectors, an approximation must be calculated

explicitly at each integration step. The numerical procedure developed to evaluate
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5.2 Numerical results and details of path parametrization

(5.18) here uses the Matlab procedure ode45, which is a fourth-order Runge-Kutta
method with adaptive stepsize; it requires both of the values u(L’, A(s)), us(L', A(s))
for whichever value of s it chooses at each step. u(L’,\(s)) is calculated as usual,
and ug(L', A(s)) is constructed as follows. For a given parameter value sq € (0, 27),

we approximate the derivative us(L', A(sg)) by

w,, = LMo +8) — ull, Moo = 9) (5.19)

for small, real 6. The expressions u(-,-) on the r.h.s. are of course the vectors

obtained by integrating the system u, = Au from L to L’ from initial conditions
w(L, A(so+9)) = us(A(so + 0)) and u(L, A(sg — 0)) = oo (A(sg — 0)) respectively.
Figure 5.26 illustrates the procedure clearly. It also shows that close attention must
be paid to the accuracy of the approximation wus(L’; A(sp)), because having two
parameter values close together does not guarantee that the corresponding points
on the 3 path are close together, and it is these latter values which are used to
calculate wu,.

The Matlab code integration_at_L_prime.m implements the procedure, cal-
culating Af around paths of type 73, and for Ay = 1+ 0.24, r = 0.8, 6(0) = 0,
L = —L" =10 and 6 = 27/10000, produces the graphical output shown in Figure
5.27.

~v3 numerical results

Graphical output for the same selection of values of A\g and r as for the y; paths in
Section 5.2.1 is shown in Figures 5.28-5.34 (still with #(0) = 0, L = —L' = 10 and
d = 2m/10000). The plots follow the same format as previously.

Following these, Figures 5.35-5.40 clearly show the effect of fixing the centre of
the A\-path, \g = 2 — ¢, while varying its radius, r.

Table 5.3 summarizes the results for the 3 paths presented here.

v3 comments

The key points to note about the numerical results for v3 paths are:

e The phase change Af is approximately equal to the number of discrete eigen-

values contained within the loop in A-space.

e The path images on S? are the same as the path images on S? for the corre-
sponding 7; paths. This is consistent with the fact that the images on S? of
the v9 paths are closed.
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5.2 Numerical results and details of path parametrization

so—30 So So+0
Ny ¥ 1
[ M /"R
s=0 s =2m
AR — C, A(s) = No +re’®
)\(SQ + 5)
- )\(SO)
(C -~ )\(SO — 5)
Uoo : C — C2
oo (A(s0)) These three values are
use(A(s0 — 6)) too(A(s0 +9))

obtained by solving u, = Au

Only the middle of these three points,
u(L', A(sp)), is used directly in the
phase calculation, the other two are

generated solely in order to calculate

the approximate derivative

Uy |SO _ u(L’,)\(50+5))2—(5u(L’,)\(80—5))

Figure 5.26: Calculating us|80
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5.2 Numerical results and details of path parametrization

Imais))

e, X
e

i
M

Figure 5.27: Graphical output for v3 path with \y =14 0.2¢,7 = 0.8

Imia(s))

Imia(=))

Ro-path: A, =0+1i , r=08

Dy e e NP :
'S STV SO
D .*._*_ * ..........
Ak
ol i S o
40 1 2 3 0 10
Re(A(s) s

Figure 5.28: Graphical output for v3 path with \g =¢,7 = 0.8

hoopath: By = 2410, r=08 o oy yiot, AE)27=-0.00023503 Image of path on 5% under Hopf map
P RTRITERNS S - FE : (1R I S TR TR

10

Figure 5.29: \p =241¢,7=0.8
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5.2 Numerical results and details of path parametrization

Imia(s))

Ima{s))

Imia(=))

5-6/(2n) plat, A(8)/27=2.0515

2 : TE RTINS :
é 2 '
: 1.5 =
5 Ky
Of- : 1
§ 0.5
_1 .............................
; 0
2 . 05
1 0 1 2 3 0 10
Re((s)) 5
Figure 5.30: \y = 0,7 =0.8
A-path: Ay =1,r=08 s-6/(2m) plot, A(8)/2n=D0 9923
p R IRRCRITIN e e . Topoveennennns g :
1
ot
2
2 :
1 :
2 ' 06
1 0 1 2 3
Re((s)) 5

Figure 5.32: \g = —1,7 = 0.8
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5.2 Numerical results and details of path parametrization

A-path: Ay =011, r=05

=-6/(27) plat, A(6)/27=0.00850
R TRFRRTIES SO e e : 01

59 |mage of path on 5% under Hopf map

Imia(s))

Imia(s))

Im{a(s))

Figure 5.33: \g = —12,7 = 0.5

A-path: by =211, r=08

Figure 5.34: \g =2 —4,r =0.8

A-path: Ay =2-1i,r=05
T RERTRREE e

1
al-

5-8/(2m) plot, A(E)/2r=-0.0013004
0.05

10

Irnage of path an 57 under Hopf rap

Figure 5.35: \g=2—14,r=10.5

99



5.2 Numerical results and details of path parametrization

Imia(s))

Aopath: Ay =210, =1 96%"(2“) plot, AENV2=-0.00042671 mage of path on 5% under Hopf map

Ima{s))

RN T
-a’r*,l*"ff*m-’.‘l'.;l“ﬂ“'

i

Im{a{s))

ey
g

Figure 5.38: \g =2 —14,r=2.0
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Im3.(s))

Imiais))

A-path: dy =211, r=2.5 Image of path an 5% under Hopf map

Figure 5.39: \g =2 —4,r=2.5

Figure 5.40: A\ =2 —14,r=3.0

101



5.3 The central conjecture

Figure No. centre of \- radiusof A- No. of system eigenvalues A6/27

path, g path, r contained within A-loop
5.27 14+0.2¢ 0.8 1 1.0004
5.28 ? 0.8 0 0.02462
5.29 241 0.8 0 -0.0002
5.30 0 0.8 2 2.0515
5.31 1 0.8 1 0.9923
5.32 —1 0.8 0 0.02549
5.33 —1 0.5 0 0.00891
5.34 2—1 0.8 0 0.000539
5.35 2—1 0.5 0 -0.00130
5.36 2—1 1.0 0 -0.00043
5.37 2—1 1.5 1 1.0115
5.38 2—1 2.0 1 1.0115
5.39 2—1 2.5 2 2.0478
5.40 2—1 3.0 3 2.9486

Table 5.3: Summary of numerical results for 3 paths shown

e Again, the proximity of the A-path to the continuous spectrum affects the
numerics: the further away the A-path is from the continuous spectrum, the
closer Af is to an exact integer. This will be for the same reason as in the

path case.

e The system is symmetric about the real axis in the A-plane, as shown in Figures
5.28 and 5.32.

5.3 The central conjecture

Note that the computational procedure developed above applies equally well to
systems of complex dimension greater than two, provided one important clarification
is first made: the definition of +; paths - which are of course essential for the

generation of both 7, and 3 paths.

Definition 5.3.1. Forn > 2 let the vector us(A) € C" be the eigenvector of Ax(N)
corresponding to the eigenvalue of most negative real part. A ~, path is then a path

composed entirely of these vectors, just as before.
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5.3 The central conjecture

This definition is consistent with the test-case above, and has its origins in the
Evans function method, where the subspace of solutions bounded as r — oo is
required for the numerical procedure. Now, the numerical results presented here for

the test-case are very striking and lead us to propose the following conjecture:

For an eigenvalue problem wu, = A(x,\)u in C" with the asymptotic
structure described above (e.g. in (1.2)), the phase change AQ/27 as-
sociated with a v3 path is equal to the number of discrete eigenvalues
of the system contained within the loop in A-space from which the 3
path is generated, provided the A-path does not pass through any system

eigenvalues or regions of continuous spectrum.

Recall, the phase change A6 is a measure of the motion (spinning) required in the
fibres of the Hopf bundle to keep the path induced on S?"~! by spherical projection
of the 3 path horizontal w.r.t. the natural connection. That this seemingly obscure
quantity Af@/2m should be an integer, and moreover that this integer should be
linked to a fundamental system property such as the presence or absence of a discrete
eigenvalue is very interesting. It shows that the solution of u, = Awu in this manner
gives rise to a kind of A-space-dependent differential evolution of the spinning in the
fibres of the induced Hopf bundle, which is revealed in the integration of the natural

connection form along paths derived from closed loops in A-space.

Remark 5.3.1. Furthermore, AO can be viewed as a holonomy of the Hopf bundle.
To see this, reverse the perspective on the whole scenario: begin with the paths on
the base manifold S* and observe that with each of these is associated a quantity A6,
which represents the shift in the fibre resulting from traversing the projection of the
v3 path on S®. But this quantity depends not only on the start and finish points of
the paths, but on the specific paths taken on the base: two paths on S* which start
and finish at exactly the same point will yield different values of A6 if the numbers of

discrete system eigenvalues encircled by the underlying loops in A-space are different.

Remark 5.3.2. The concept of holonomy occurs frequently in physics, giving rise
to various phase quantities similar to that considered here, induced by either given
dynamics on a system space or the underlying geometry of the system space itself.
In particular, we have the Berry phase of quantum physics [31], [32], [33], and the
geometric phase of classical mechanics [32], [34], [35]. The latter is closely linked
to the content of this thesis; in fact the phase calculated here is an example of a

“reconstruction phase” (e.g. [14] p.168) of an equivariant dynamical system.

103



5.4 Further numerical experiments

Now, the phase change quantity here has been developed purely by considering
solutions to ODEs in relation to an intrinsic Hopf bundle framework, and computing
an associated bundle-theoretic quantity generated by these solutions. However, the
similarity with certain previous results cannot be overlooked. In particular, the
construction here is strikingly similar to the winding number of the Evans function
around a closed contour, due to Alexander, Gardner and Jones [36]. Known as the
stability index, this feature of the problem has been studied and applied extensively,
and extended by Nii [37] and Austin and Bridges [38]. Although the theoretical
foundation of the phase here appears to be very different to previous approaches,
it cannot be ignored that we do indeed appear to have found a new algorithm for
computing the Chern number of the augmented unstable bundle. If this is the case
then the question arises as to what the relative merits of the two methods are.
This will be a matter for further research, as will the development of the precise
theoretical connection between these two apparently very different approaches to

the same problem.

5.4 Further numerical experiments

Further numerical testing confirms that the Af result of the central conjecture per-
sists under a variety of conditions, for example if we vary further the radius or
centre of the circular path so as to contain different isolated eigenvalues, or different
numbers of them, or if we vary L or L' in certain ways (see Section 5.4.2 below).

Note that if the A-path used to generate a 73 path passes through a discrete
eigenvalue, the Af result does not hold. Figures 5.41-5.43 show what happens in
this case, for paths with centre \y = —i and radii » = 0.99, 1.00, 1.01.

Aopath: By =010, r=0.99 s-B/(2m) plot, AB)Y2r=0.033123 308 of path on 5% under Hopf map
2 ...... PEERREEEE s IR Dz .............. .............. . .
1 ........ .........
|:| -y ; _*_ ......... .....
= E ; &
3_1 ........ %
E : 5 T -
Bl " [REFERSTRERRRRE: R
Sl e
4 ;
0 2 4
Re(As])

Figure 5.41: Ao = —2,7 =0.99
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5.4 Further numerical experiments

Imia(s])

A -path: 1U=D-1i,r= 1.1

A-path: Ry =010 r=1

S-BY(27) plot, ﬂ(e)ﬂn—ﬂ 54055
0.6

Image of path on 5% under Hopf map

Figure 5.42: A\ = —¢,7 = 1.00

Bls)(2n)

=642 plat, A(G)Qn—'l 0452

145

Image of path on 5% under Hapf map

10

Figure 5.43: \g = —1,r = 1.01

Figure 5.44 shows what happens when the A-path passes through the continuous

spectrum.

Imiz.(s])

In this case, when the branch cut in C is crossed, it basically reverses

A -path: lﬂ =205 ,r=028

2
1
0

=-6/(27) plot, A(E)/2m=-0.567 15
0 : :

Image of path on 5% under Hapf map

H'.FHIF"'; T

L
|‘I /

h'.'.'le

10

Figure 5.44: \o = —2 —0.5¢,7 = 0.8
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5.4 Further numerical experiments

the sign of everything: the phase curve gradient is reversed instantaneously (the
three distinct segments would form a smooth curve if the latter two were flipped);
and the path on S2, which is traversing the arc shown on the upper hemisphere,
instantaneously jumps to a similar arc on the upper hemisphere on the other side
of the sphere (directly behind where the first arc is, though this can’t be seen on
the figure here). We now proceed with a few simple modifications of the existing

computer code.

5.4.1 Searching for eigenvalues

The program integration_at_L_prime.m from Section 5.2.3 has been extended to
create an algorithm which, assuming the validity of the central conjecture, searches
C for discrete system eigenvalues by calculating the phase-changes associated with a
large number of 3 paths parametrized by small circular paths centred at the nodes
of a lattice of points in C. The new program, called 1lambda_plane_eval_search.m,
produces the graphics shown in Figures 5.45 and 5.46.

The first plot of Figure 5.45 shows the value of Af/2m (as an asterisk) at each
of the lattice nodes, and the small circular paths traversed in parameter space; the
second shows 0(s)/2m plotted against s along each of the paths, with all the different
plots superimposed upon one another. These figures show clearly how the three
eigenvalue-containing loops give A0/2m ~ 1, while all other paths give Af/21 ~ 0.
Figure 5.46 shows a contour plot of the same phenomenon (which, although clearly
not necessary in this simple case, serves as an introduction to the graphics format
used in subsequent numerics where phase results are less apparent). Thus we have a
numerical method of searching the complex plane for discrete eigenvalues. Despite
its simplicity, this search method has the extremely desirable property of being

global in nature, the consequences of which will be seen in the next chapter.

5.4.2 Varying the z-integration range lower limit L’

We briefly show how varying the lower limit, L', of the u, = Au integration em-
bedded within the phase calculation for paths of type 3 affects the value of the
resulting phase change Af. The Matlab code varying_L_prime.m calculates the
phase associated with paths of type =3 for a whole range of values of L', from L
right down to —L, then plots these against the resulting Af/27 values, as shown
in Figure 5.47. The numerical results show that when L’ is near L (here L = 10)
the phase result is roughly the same as the phase result for a v, path, i.e. Af =~ 0,
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A paths and centres in C-plane
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Figure 5.45: Searching C for discrete eigenvalues
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Figure 5.47: Results of varying L. A\g = 0.5, = 1.0.
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5.4 Further numerical experiments

while for values of L' near —L the result is roughly the same as for the original
~v3 paths, with L' = —L. Situated about the value L' = 0 is a region of gradual
transition from one regime to the other. Investigating the causes behind the shape
of this curve could eventually be a subject for further study beyond this thesis, with
obvious potential benefits for the computational speed of the Matlab codes used in
this chapter or any programs derived therefrom.

This concludes our series of phase computations for the test-case, and paves the
way for implementing phase computations in more complex, less-well understood

systems and investigating further the validity of the central conjecture.
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Chapter 6

Phase computations in a variety of

systems

In this chapter we extend the concepts developed in the previous chapter by de-
scribing and presenting the results of a selection of numerical experiments involving
phase curves for a range of eigenvalue systems of the same form as the test-case.

The systems considered are:

e The Hocking-Stewartson pulse solution of the complex Ginzburg-Landau equa-

tion,
e The Rayleigh equation,

e The one-dimensional time-independent Schrodinger equation with a Morse po-

tential.

6.1 The Hocking-Stewartson pulse

In [5], Afendikov and Bridges consider the complex Ginzburg-Landau equation in

the scaled form
peV A = Ape — (1 +iw)? A+ (1 +iw)(2 + iw)|A2A (6.1)

where A(z,t) is complex-valued and p > 0, w and 1 are given real parameters; and

its Hocking-Stewartson pulse solution
A(x,t) = (coshx) 1™ (6.2)

They formulate the linear stability problem for such a solution in terms of the Evans

function. Their analysis results in an asymptotically constant 6-dimensional complex

110



6.1 The Hocking-Stewartson pulse

linear system depending on the spectral parameter for the problem A € C. Using

the notation developed in this work, we write their system in our usual format as

uy = A(z, \u, r€R, A€ C, u(z,\) €C® (6.3)
with
0 0 1 -1 0 0
a32 0 0 0 0 0
. as9 0 0 0 0 1
AN =1 _0 0 0 0 0 -1 (6-4)
—ayq 0 0 0 0 0
0 —ayy —az —agy azxp 0

where the a;; depend on z, A, p,w and 9. Then

0 0 1 -1 0 0
—p(\) 0 0 0 0 0
PR I N T I
p(A) 0 0 0 0 0
0 —p(\) 7(A) —7(A) —p(A) 0

where p and 7 now depend on just A, p,w and ¢, and not x. The eigenvector of

Ao (A) corresponding to the eigenvalue of most negative real part, ot (A), is (for

o #0)

5+()‘) = _(0+)2 (6-6)

ot () — 27)
The Matlab code written for the test-case was modified to fit this situation, resulting

in the programs
e integration_at_L_prime_HSpulse.m
e lambda_plane_eval_search_HSpulse.m.
As before, these calculate phases associated with 3 paths (which, to reiterate, are

generated by integrating u, = Au from L to —L starting from eigenvectors £ ()\)).

6.1.1 Numerical results

We consider some of the cases discussed in [5], as defined by parameters w, p, ¥:
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6.1 The Hocking-Stewartson pulse

Numerics for w =3, p = 1/v/5, ¢ = tan"(2)

From [5] it is known that for these parameter values the system has three discrete
eigenvalues, all of which are real: a double root at A = 0 and two simple roots at

A=~ —T7and A = +15. Figure 6.1 shows the result of using

A paths and centres in C-plane, r=058

Figure 6.1: Phase change results for a lattice of A-loops of radius r = 0.6, for w = 3,

p=1/V5, ¥ = tan~1(2)

lambda_plane_eval_search_HSpulse.m to evaluate the phases associated with a

large number of ~3 paths generated by circles of radius » = 0.6 in A-space, with
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6.1 The Hocking-Stewartson pulse

L =10 = —L’ as before. Figure 6.2 shows the corresponding contour plot. These

Figure 6.2: Contour plot corresponding to Figure 6.1

show clearly that the phase change associated with a ~3 path generated by a given
A-loop corresponds precisely to the number of discrete eigenvalues within that loop.
Note that here the double root gives a phase value of two, while the other two roots
give a phase value of one and all other points give phase values of zero. The width
of the peaks is due to the fact that the same discrete eigenvalue may be contained in
more than one A-loop (two in this case); the results produced thus depend not only
on the radii of the A-loops but also on the spacing of the lattice points which are
the centres of the A-loops. Despite these fine-tuning issues, the result here is clear.

We then focused on just the root at A =& —7 by decreasing the mesh size and the
radii of the A-loops and centering the mesh around the point A ~ —6.6357, which
is the eigenvalue location calculated using the Evans function in [5]. Figure 6.3
shows the results and Figure 6.4 shows the corresponding contour plot. The lattice
spacing here is 0.01 and the radius used is r = 0.006. The striking new feature of

these results is that the phase change values are no longer approximately integers
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane

-5.58

Figure 6.3: Phase change results for a lattice of A-loops of radius » = 0.006, centred
about \ ~ —6.66, for w =3, p = 1/V/5, ¢ = tan~*(2)
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6.1 The Hocking-Stewartson pulse

05

Figure 6.4: Contour plot corresponding to Figure 6.3
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6.1 The Hocking-Stewartson pulse

as in the previous cases, but occupy a range of values between approximately zero
and 0.45. This suggests that the radius of the A-loops may affect the phase change
results after all, which was not seen previously because r was never chosen to be
this small. Continuing in this vein, Figures 6.5 and 6.6 show the result of using
an even finer mesh and decreasing the A\-loop radius still further, while keeping the
lattice centred around the peak in phase values. The mesh spacing is now 0.0005
and the radius is » = 0.0003. Note that although the absolute phase values have
decreased dramatically and are now of order 1073, their relative values are consistent
with previous plots, and we retain the distinct peak at the same location, which
moreover at this scale appears smooth. It should be noted that these numerical
results clearly place the peak phase change at the value A &~ —6.641 as opposed to
the value A\ &~ —6.6357 calculated in [5]; the discrepancy between these two values
would be a matter for further research.

Since the dependence of the phase results on the A-loop radius r, for small r,
has been shown to be a matter of great importance in the numerics, we illustrate
this relationship in Figure 6.7. The left plot shows several A-paths encircling the
double eigenvalue at A = 0, with radii ranging from r» = 0.001 up to » = 1, while
the right plot shows the corresponding numerical phase results. These plots show
that the phase changes range from approximately zero to approximately two, and
that the integer phase result of the central conjecture holds only for » > 0.01 in this
case. The cause of this deterioration in validity of the result is presently unclear.
However, the preservation of the relative structure of the phase values for small r is
an interesting result, as this may enable the location of the peak to be determined

to as fine a scale as required.

Numerics for w =2+ /5, p=1/V/5, ¥ = tan"'(2)

From [5] it is known that for these parameter values the system has a discrete
eigenvalue at A = 0, which is a triple root of the Evans function. Thus we might
expect to see a peak phase change of approximately 3 located at the origin in -
space, and zero elsewhere. However, the numerical results do not follow this pattern,
as shown in Figures 6.8 and 6.9, for which » = 0.2.  Figures 6.10 and 6.11 have
r = 0.05 and show a close-up of the region around the origin, where the triple root
is believed to exist. Instead of the expected single peak of height 3, the numerics
yield three separate peaks, each of phase change 1, one at the origin and one either

side of this on the imaginary axis, at approximately £0.72.
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6.1 The Hocking-Stewartson pulse
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Figure 6.5: Phase change results for a lattice of A-loops of radius » = 0.0003, centred
about \ = —6.641, for w = 3, p = 1//5, ¢ = tan"'(2)
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6.1 The Hocking-Stewartson pulse

Figure 6.6: Contour plot corresponding to Figure 6.5
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6.1 The Hocking-Stewartson pulse

A -path: A, =0, for various r 56027 plot

Irnia())

Figure 6.7: A-paths of various radii encircling the double eigenvalue at the origin

(left), and their corresponding phase results (right)

Numerics for w =0, p=1, ¢ =7/2

For these parameter values equation (6.1) reduces to the nonlinear Schrodinger equa-
tion, as stated in [5]. The analytical results for the A = 0 case indicate that there is
a quadruple eigenvalue at the origin [39], which for small enough perturbations of
w and 1 splits in to a double eigenvalue at the origin plus two simple eigenvalues,
A1 < 0 and Ay > 0 [40]. However, the phase numerics we present here are not
consistent with this pattern of behaviour. For a large enough A-loop radius, say
r = 0.3, we do indeed see a phase change value of approximately 4 at the origin
and zero elsewhere, as shown in Figures 6.12 and 6.13. However, this is simply an
artifact of the mesh size, for when a finer mesh is used with a smaller loop radius,
say r = 0.02, the numerics show four distinct peaks, each with a phase change of 1,
located symmetrically about the origin at +0.1 £ 0.1¢, and zero elsewhere. This is

shown in Figures 6.14 and 6.15.

Numerics for w =0.03, p=1, p = 7/2

Following on from the previous case, these parameter values represent a small per-

turbation of the constant w, as described above. Again however, the phase results
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane, r=0.2

Figure 6.8: Phase change results for a lattice of A\-loops of radius r = 0.2, centred
about A & 0, for w = 2+ /5, p = 1//5, ¢ = tan™1(2)
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/

f

4
o
O

25

10

Figure 6.9: Contour plot corresponding to Figure 6.8
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane, r=0.05

Figure 6.10: Phase change results for a lattice of A-loops of radius r = 0.05, centred
about A ~ 0, for w =2+ /5, p=1/V5, ¢ = tan™1(2)
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6.1 The Hocking-Stewartson pulse

Figure 6.11: Contour plot corresponding to Figure 6.10
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane, r=03

Figure 6.12: Phase change results for a lattice of A-loops of radius » = 0.3, centred
about A=~ 0, forw=0,p=1,¢ =7/2
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6.1 The Hocking-Stewartson pulse

Figure 6.13: Contour plot corresponding to Figure 6.12
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane, r=0.02
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Bi=)2n for the various paths

Figure 6.14: Phase change results for a lattice of A-loops of radius r = 0.02, centred
about A~ 0, forw=0,p=1,¢ =7/2
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6.1 The Hocking-Stewartson pulse

Figure 6.15: Contour plot corresponding to Figure 6.14
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6.1 The Hocking-Stewartson pulse

here do not display the same behaviour as described in [5]; instead of either the
splitting described above or the triple root identified in [5] by the Evans function
method, we see the two peaks in the left half-plane persist in a similar state to the
w = 0 case, while in the right half-plane we now see a peak of height 2 on the real
axis, as if the two separate right-half-plane peaks of the w = 0 case have coalesced.
Figures 6.16 and 6.17 show these results, while Figure 6.18 shows a close-up contour
plot of the two left-half-plane peaks.  Figures 6.19, 6.20 and 6.21 show contour
plots for w = 0.028, 0.029 and 0.0295, illustrating what happens in between the
two w = 0 and w = 0.03 cases just presented. These results confirm that the two
right-half-plane peaks do in fact coalesce to form a double-height peak as w increases
from zero. However, a more detailed investigation indicates that the value of w at
which the coalescence occurs is a little higher than 0.03, nearer to 0.0309, above
which the two peaks split again, but now remain on the real axis. This is shown in
Figures 6.22 and 6.23.

Numerics for w =0.5, p=0.5, ¢ =2

Since none of the published cases featured above, against which our numerics have
been compared, involve known discrete eigenvalues with nonzero complex part, we
present data for one final parameter set, in order to demonstrate some of the strange
phase change patterns our programs may generate far away from the real axis for
the HS pulse system. Figures 6.24-6.26 show the phase results for a narrow strip
around the imaginary axis. Note that the Re()) axis for the lattice of points ranges
from only -1.4 to +1.4, while the Im(\) axis ranges from -15 to +15, which results
in the stretched appearance observed on the diagrams. There is clearly some very
strange behaviour exhibited in these results, unlike any seen previously. The two
contour plots show a double-height peak at the origin and strange wave-like patterns
symmetrical about the real axis, including two symmetrical single-height peaks. The
only exception to this symmetry is the peak in the top left corner of the plot, at
A~ —1413i. Indeed, the lower plot of Figure 6.24 confirms that there is one A-path
which yields a phase change of approximately 2, two yielding approximately 1, and
one further path yielding a value just above 1. However, for this latter result we see
an erratic step change in the phase curve, indicating that the result is erroneous,

possibly due to being so close to the lattice edge.
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6.1 The Hocking-Stewartson pulse

A paths and centres in C-plane

Figure 6.16: Phase change results for a lattice of A-loops of radius r = 0.03, centred
about A ~ 0, for w =0.03, p=1, ¢ =7/2
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6.1 The Hocking-Stewartson pulse

Figure 6.17: Contour plot corresponding to Figure 6.16
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6.1 The Hocking-Stewartson pulse

Figure 6.18: Contour plot close-up of the left half-plane of Figure 6.16, with r

0.003
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6.1 The Hocking-Stewartson pulse

Figure 6.19: Contour plot of phase change results for a lattice of A-loops of radius
r = 0.014, centred about A ~ 0, for w = 0.028, p =1, ¢ = 7/2
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Figure 6.20: Contour plot of phase change results for a lattice of A-loops of radius
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Figure 6.21: Contour plot of phase change results for a lattice of A-loops of radius

r = 0.014, centred about A ~ 0, for w = 0.0295, p =1, ¢ = 7/2
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Figure 6.22: Contour plot of phase change results for a lattice of A-loops of radius

r = 0.014, centred about A =~ 0, for w = 0.0309, p =1, ¥ = /2
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Figure 6.23: Contour plot of phase change results for a lattice of A-loops of radius

r = 0.014, centred about A ~ 0, for w = 0.032, p =1, ¢ = 7/2
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Figure 6.24: Phase change results for a lattice of A-loops of radius » = 0.2, for

w=0.5,p=051=2
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Figure 6.25: First contour plot corresponding to Figure 6.24

138



6.1 The Hocking-Stewartson pulse

------------

n _— l
f-“ﬁff‘ﬂﬁ'ﬁw ;ﬁ" ;ﬁ’!ﬂfﬂf‘ .#i"

f.-’,-i.'!'?.‘fﬁ? i .-iﬁ" I '
i, ﬂ?ﬁ;ﬁ i ‘F Mﬁr’ffﬁﬂfmk

ﬂ:ﬁw T
%""’5' il mﬂﬂﬂ ) ﬂ

i
mmwww WM i Y/ il
SR w LR
Hfﬁ'// !1 #*M!H J;f w; ,&W v

fi!r?!f it ’W "
m’ffm m;ﬁﬁf #ﬁﬁ

Wf fﬂ!w

100 a0
bl 40
20 0

R

] *Tr?ﬁ.-i" ;ﬁ"f.ﬂ’l'.i’
15".-’ J’." .-'if IM ’

Figure 6.26: Second, slightly rotated, contour plot corresponding to Figure 6.24

139



6.2 The Rayleigh Equation

6.1.2 Comments

Overall the numerical results are promising, however the lack of consistency with
previous results is of concern. On the one hand, many of the phase results are very
clear and show excellent correspondence with known eigenvalue location results, thus
providing good evidence to support the central conjecture. On the other hand, other
results are less clear, and despite showing very distinct patterns of phase peaks, for
example in Figures 6.12-6.23, do not correspond to results of previous investigations.
These discrepancies could either be due to the central conjecture being flawed (either
globally, or just in this case for some reason), or due to previous results being flawed.
Both of these options are plausible, the latter since for parameter values where
there are serious discrepancies, the literature on the matter takes care to highlight
the delicate nature of both the analytical and numerical results - indeed there is
a lack of solid numerical evidence for the results claimed. Having said that, it is
important to remember that the central conjecture here has no theoretical grounding
as yet, and that there is still at least one unresolved accuracy issue in the algorithm
used (the loop radius) and there may well be others. Even if there is some flaw in
either the numerics here or their interpretation, it is still hard to imagine that such
distinctive results do not have some precise mathematical meaning; resolving these

issues will require further work.

6.2 The Rayleigh Equation

The second example considered is the Rayleigh equation, which is a reduced version
of the Taylor-Goldstein equation, an ODE eigenvalue problem on C? of great interest

in fluid mechanics and oceanography. The Rayleigh equation is

(U(z) — ¢ (% — ngzS) —U"(2)p=0 #(z) €C, z€eR (6.7)

where ¢ € C is an eigenvalue parameter, k is a real parameter, typically in the range

[—2,2], and U(z) € R is the mean velocity profile, given by
1
U(z) = 5(1 + tanhz) (6.8)

Writing this in matrix format yields the equation

(i)f(%ik? (1))(;?) (6.9)
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6.2 The Rayleigh Equation

then setting u = ( w(2) > = ( ¢ ) casts the problem in our standard format

u, = A(z, c)u u(z) €C? z€R, ceC (6.10)

with
0 1
Az, c) = < U2 g ) (6.11)

Regarding the asymptotic behaviour of the system we have

tanhz — =£1as z— £o0 (6.12)
1 +1as z — +©
= U(z) = 5(1 + tanhz) — { 0 as 2 — —oo (6.13)
and U"(z) = —tanhzsech’2s — 0as z — o0 (6.14)
so that
U//
i — 0 as z — 400 except perhaps when ¢ =1 (6.15)
—c
"
and — 0 as 2z — —o0 except perhaps when ¢ = 0 (6.16)
and therefore Ve # 0, 1,
An(@) = lim Az =( 5} (6.17)
o\ = SO =2 o )0 '

which has eigenvalue/vector pairs {k, ( }C ) } and {—k, ( —1k ) } Thus for k& > 0,
the eigenvalue of A (c) of most negative real part is —k, with corresponding eigen-

vector —1/<; . Note that even though the system-at-infinity is actually indepen-
dent of the system eigenvalue parameter ¢ here, we still write lim, .., A(z,¢) as
A (c) to maintain consistency with the framework set up previously. In fact there
are several aspects of this problem which differ radically from previous examples.
Of particular importance is the fact that as z varies, U(z) takes all values between
0 and 1, so that whenever ¢ € [0, 1] there will be some value of z at which the
denominator U(z) — ¢ goes to zero, which may cause problems with any numerical
integration scheme implemented there.

We avoid some of the potential difficulties here by focusing on one special case:
it may be shown, by constructing an exact solution explicitly, that ¢ = % is an
eigenvalue of the system when £k = —1,0,1. The numerical results presented here

centre around the k£ = 1 case; we ensure that ¢ stays away from 0 and 1, and keep in
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6.2 The Rayleigh Equation

mind that whenever a path in e-space (¢f. A-space in previous cases) crosses the real
axis between 0 and 1 the numerics may behave erratically due to the denominator
U — c going to zero. The Matlab code was modified appropriately, resulting in the

programs
e integration_at_L_prime_taylor_goldstein.m
e lambda_plane_eval_search_taylor_goldstein.m.

As usual these calculate phases associated with 3 paths, which in this case are

generated by integrating u, = Au from L to —L starting from the eigenvector
1
()

6.2.1 Numerical results
Numerics for £k =1

All of the results presented for this system concern a lattice of points located between
the values 0 and 1 in c-space, approximately centred on ¢ = % The lattice spacing is
0.03 and the radius of the c-loops centred at the lattice nodes is r = 0.02 (cf. A\-loops
in previous cases). The standard values #(0) =0, L = 10 = —L' and ¢ = 27/10000
remain in use. The graphical output is of the same format as previously; Figures 6.27
and 6.28 show the plots for the case £ = 1. The phase change is approximately

0 everywhere except at the location of the known eigenvalue ¢ = 1, at which its

29
value is approximately 1. The phase results along the real axis between 0 and 1 are
slightly less uniform than elsewhere in the lattice, as discussed, though this does not

detract from the overall picture.

Numerics for £ =0.8,1.1

Figures 6.29, 6.30 and 6.31, 6.32 show the phase results for £ = 0.8 and k£ = 1.1
respectively. Note that the height scale is much larger in the latter two plots, so
the peak values are in fact much lower than the former plots. For k = 0.8 we
see two clear, smooth phase results yielding two distinct peaks of height &~ 1 either
side of the real axis at 0.5. The other phase results are all ~ 0, although on the
lower plot of the first figure there are now many erratic step changes in the phase.
By observing the plotting process continuously it was confirmed that these and only
these data are generated by numerics in the vicinity of the real axis in c-space. This

is a pattern observed throughout all of the results here.
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Figure 6.27: Phase change results for a lattice of c-loops of radius r = 0.02, centred
about ¢ =~ 0.5, for k = 1.0
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Figure 6.28: Contour plot corresponding to Figure 6.27
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Figure 6.29: Phase change results for a lattice of c-loops of radius r = 0.02, centred
about ¢ & 0.5, for k£ = 0.8
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6.2 The Rayleigh Equation

Figure 6.30: Contour plot corresponding to Figure 6.29
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Figure 6.31: Phase change results for a lattice of c-loops of radius r = 0.02, centred
about ¢ ~ 0.5, for k = 1.1
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6.2 The Rayleigh Equation

Numerics for &k € [0.5,1.5]

Using precisely the same lattice dimensions as above, Figures 6.33-6.43 show contour
plots for £ =0.5,0.6,0.7,0.8,0.9,0.98,1.0,1.1,1.2,1.3,1.4.
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Figure 6.33: Contour plot for £ = 0.5

6.2.2 Comments

The pattern is clear: as k increases from 0.5 to 1.0, the two peaks of height ~ 1

coalesce, forming the single peak at ¢ = 0.5 for £ = 1. Then as k increases further

there are no such emphatic results, just a line of fluctuating data along the real axis

with a slight residual hump at ¢ = 0.5, which is most likely just due to fluctuations

in error in the numerical procedure. Thus if the central conjecture is to be believed

and the distinct peaks in phase change do indeed correlate to the presence of a

discrete system eigenvalue, then these results indicate the existence of an imaginary

pair of system eigenvalues, of real part 0.5, for k£ € [0.5,1.0), which coalesce to the

known value for £ = 1 then disappear for k € (1,1.4].
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Figure 6.35: Contour plot for k£ = 0.7
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6.2 The Rayleigh Equation

Figure 6.37: Contour plot for £ = 0.9
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k=095

Figure 6.39: Contour plot for £ = 1.0
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Figure 6.41
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6.2 The Rayleigh Equation

k=1.3

Figure 6.43: Contour plot for k£ = 1.4
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6.3 The Schrodinger equation

6.3 The Schrodinger equation

The final example considered is the one-dimensional time-independent Schrodinger
equation with a Morse potential. In [41], Liu et al. investigate a shooting method

for solving the 1-D Schrodinger equation
1d%y

~51z + V(x)yp = Ey reR, Y(x)eC, V() eR, E€R (6.18)

where F < 0 is an energy eigenvalue of the system, V(x) is a given potential and

Y (x) is the wave function. They convert the problem to the dynamical system

(-GG e

B(x) = 2(E-V(z)) (6.20)

and take V(x) to be the Morse potential

V(z) = Dle 2" —2e 7] (6.21)
with D = 12 (6.22)
w = 0.204124 (6.23)

They consider boundary conditions

()= () () =(a): ocren  wmy

and set a = —b = —13.5. The system has 24 discrete eigenvalues, all of which lie in

the interval (—12,0), and are given by

1
En:—12+(n+1/2)—@(n+1/2)2, n=0,...,23. (6.25)

Writing the system in our standard format gives

u, = Az, E)u u(z) €eC?, z€R, E€C (6.26)
with (0 BB
Az, E) = ( ] 0 ) (6.27)

However, this system strays even further away from the format of the original prob-

lem, because now it is only asymptotically constant on one side:

B(z,E) — 2E as © — +00 (6.28)

but B(z, E) does not converge as r — —o0 (6.29)
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6.3 The Schrodinger equation

and

r——+00 1 0

+V-2F
1

Aio(E) = lim A(z,E)= ( 0 =28 > : (6.30)
which has eigenvalue/vector pairs { + /—2F, } Now, since A(x, E)
does not converge as x — —o0, it is not possible to find the eigenvectors correspond-
ing to both the stable and unstable manifolds of the system-at-infinity, as required
for the standard Evans function analysis. However, the technique developed here
only uses eigenvectors of the system at one of the boundaries, so the eigenvectors at
large * = b may be used as initial data for integrating the system down to x = a,
thus generating 3 paths as usual. Note that selecting the integration range [a, ] is
a slightly more delicate matter than previously because when V'(x) is small at one
end of the range, it is large at the other. We take a = —b = —13.5. Again, the
Matlab code was modified to fit the example at hand, yielding programs

e integration_at_L_prime_schrodinger.m

e lambda_plane_eval_search_schrodinger.m.

6.3.1 Numerical results

Figures 6.44 and 6.45 show the results of the numerical phase computations in
the usual format, using a lattice of points with spacing 0.2 and E-loops of radius
r = 0.14. The 24 eigenvalues given in (6.25) are also shown beneath the lattice
for easy comparison of their location with the phase results. Figure 6.46 shows a

close-up of the lattice near to the origin where the eigenvalues are closer together.

6.3.2 Comments

Accounting for the obvious issues regarding lattice spacing and overlapping E-loops,
which are particularly evident due to the eigenvalue spacing here, the phase change

peaks show excellent agreement with the known eigenvalue locations.

Remark 6.3.1. Motivated by the choice of boundary conditions (6.24) used in [41],
the numerical algorithm was modified slightly to use as starting vectors for the s

paths not the eigenvectors of the system-at-infinity, (6.30), but instead just the con-
1
stant vector 0 ) Ezactly the same distinctive results were observed, with the

phase change reflecting precisely the number of eigenvalues contained within the

corresponding E-loop. This introduces the possibility that the use of the eigenvectors
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E paths and centres in C-plane, r=0.14
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Figure 6.44: Phase change results for a lattice of E-loops of radius r = 0.14. Note
that in addition to the usual elements on the top plot, the 24 exact eigenvalue
locations are shown as points beneath the lattice.
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Figure 6.45: Contour plot corresponding to Figure 6.44
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E paths and centres in C-plane, r=0.14

TN AP PP

Figure 6.46: Phase change results for a lattice of E-loops of radius r = 0.14. Note
that in addition to the usual elements on the top plot, the 14 exact eigenvalue

locations within this region are shown as points beneath the lattice.
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6.3 The Schrodinger equation

of the system-at-infinity as initial data when integrating the system may in fact be an
entirely redundant element of the proposed numerical scheme after all. Clarification

of this aspect of the problem would require extensive further testing.

The numerical results presented in this chapter show the application of the phase
theory to computations in several current research scenarios, demonstrating clearly
that the phase is an important concept in dynamical systems, even if it is not yet
understood well enough. The big question which has been raised here is: if there is
such good correlation between phase changes and discrete eigenvalue locations for
so many of the cases, where does the flaw lie in the cases where agreement is less

good?
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Chapter 7

Concluding remarks and
discussion

7.1 General discussion

This thesis identifies and makes precise the process of choosing to view paths on
C™ in terms of a much-overlooked geometrical framework. This perspective has
not been investigated in this context or depth before. The work shows it to be a
framework within which many kinds of dynamical problems on C" may be addressed,
in particular differential eigenvalue problems on unbounded intervals, and goes some
way to understanding the role of the complex geometric structures now seen to be
present in even the simplest of ODE systems.

The work documents the logical flow of concepts identified which leads to the
important realization that when viewed in terms of the hierarchy of spaces here,
every path on C"\ {0} has connected with it an underlying “ticking-clock”-like
phase quantity, geometrical in origin, the full consequences of which are not yet
fully understood, though clearly important and potentially immensely useful. Our
description of this phase quantity is mathematically precise, though its interpreta-
tion is still incomplete. Progress here would require further understanding of the
mathematical role of the phase - the effects of which we have been able to observe in
several numerical experiments, but the full implications of which are still unresolved.

The work provides a balanced report of the developments made, combining as it
does a mixture of theoretical review and progress with computational experiments
and results based thereon. It is hoped that this approach creates a rounded picture
of the research, in order to act simultaneously as effective motivation and foundation

for further research on the topic.
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7.2 Summary of achievements

7.2 Summary of achievements

The original contributions to the mathematical literature detailed in this work are

quite varied and are summarized here according to three categories:

e Interpretation of known theory. We have produced a concise review of the
concepts concerning fibre bundles required in order to follow the subsequent
material in the thesis. The original diagrams on which this review is based
render the thesis as a whole much more accessible, which is a key consider-
ation for a work such as this which crosses traditional subject boundaries in

mathematics. A numerical perspective on bundle elements is emphasized.

o Theoretical developments. We have explored in detail the much-overlooked
Hopf bundle structure U(1) — S**~! — CP"! intrinsic to every copy of C",
and identified the significance of local coordinates, connection forms, parallel
transport and the resulting phase quantity in this context. In doing so we
have elucidated the mathematical foundation underlying the apparently sim-
ple process of integrating a connection 1-form along a path in the Hopf bundle.
We have produced a conjecture concerning the meaning of the phase; i.e. that
in linear systems of the specific form considered, the Hopf bundle phase as-
sociated with a closed path generated in the proposed manner by a closed
path in parameter space reflects precisely the number of discrete eigenvalues
of the linear system contained within that path. We have explored and refined
the quaternionic matrix description of the S — % — S? Hopf bundle, pro-
viding explicit new descriptions of the horizontal and vertical subspaces and
their relationships to the group action; we have proved that the natural con-
nection is the only connection for this bundle. We have derived the parallel
transport/phase equation for this reduced quaternionic matrix case, and in
doing so have provided yet another new, intuitive perspective on the geome-
try of the Hopf bundle, demonstrating explicitly how the horizontal /vertical
splitting relates to linear ODE dynamics within the bundle.

o Computational applications. We have developed a number of algorithms for
calculating the Hopf bundle phase associated with specific types of paths in
C", both using the quaternionic matrix framework for the C? case, and the
general framework for the C" case. We have conducted and reported on a wide
range of numerical experiments involving calculating phases associated with

the various paths, for a range of systems. We have thus identified many of the
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7.3 Future work directions

factors affecting the outcomes of the computations, including: the type of the
path in C" (i.e. 71,72,73), and for ~y3 paths, the properties of the generating
path in A-space, such as loop radius, number of discrete eigenvalues contained
therein, crossings of continuous spectrum and asymptotic limit approximation
values L, L'. The results have provided a great deal of supporting evidence
for the central conjecture, although there is also a high level of complexity in
the results which still requires deciphering. Again this would require further
understanding of the mathematical role of the phase. We have applied the
numerical schemes to several live research topics, and produced data indicative

of important new results concerning discrete eigenvalue locations.

7.3 Future work directions

Due to the fundamental nature of both the geometrical framework investigated and
the numerical results discovered, there are many possible directions for continuing
this research. One of the main issues that needs addressing is the lack of knowledge
of the mathematical properties of the phase. We have identified this quantity and
its origins precisely, and have been able to observe some of its behaviour numer-
ically, however we have only been able to conjecture the most interesting mathe-
matical property suggested by the numerics, concerning the spectral properties of
1-parameter-dependent linear systems. Mathematical clarification of the situation
is an open problem; it also appears to be quite a difficult problem. The connections
between the work here and previous bundle-related results of Alexander, Gardner
and Jones [36] need to be identified.

In addition we can continue to investigate phase changes in differential eigenvalue

problems experimentally. The following specific issues are open to investigation:

e What is the role of the A-loop radius r used in generating 3 paths? Is the pat-
tern shown in Figure 6.7 found to apply in different systems, and if so does it
have the same characteristics, i.e. is r &~ 0.02 always the smallest radius yield-
ing the approximately-integer phase change result? Can we characterize the
pattern more precisely through further numerical tests, and what ultimately

is the cause of this behaviour?

e What happens if the closed loops in A-space used to generate 3 paths are

not circular? How does this relate to the previous point, i.e. could we instead
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7.3 Future work directions

characterize phase change results in terms of the area contained within A-
loops? How does a given phase change result depend upon the proximity of

the underlying A-loop to a discrete eigenvalue or continuous spectrum?

What happens if, as considered in Remark 6.3.1, we do not restrict ourselves to
using eigenvectors of the asymptotic system as initial conditions for integrating
the linear system and thus generating -, paths - and hence 3 paths? This
could be a very important issue because it may affect some of the assumptions
made in this work, and may require the central conjecture to be modified
slightly. More importantly however, it may also vastly increase the range of
systems to which our results apply, by no longer requiring the system to satisfy
the specific asymptotic conditions considered here. We have seen indications
that this will be the case - that the asymptotic-eigenvalue initial condition is
in fact redundant, because the phase change results are the same even in its

absence - but this area does require further investigation.
What is the effect on numerics of using alternative connections?

Running the programs on faster computer systems would be of great bene-
fit, since the larger simulations reported here have typically taken up to ten
hours to complete on a standard 2.40Ghz machine. This would allow far more

detailed testing of systems.

Given a system of the standard format considered in this report (u, = A(z, \)u
with appropriate asymptotic conditions), is it of relevance whether it is a
system induced on an exterior algebra space by some other more basic system,
or not? We have not mentioned this issue at all so far, but it may be worth
considering because much of the literature on the Evans function (to which this
work is closely related) concerns the process of inducing systems on exterior
algebra spaces in order to construct a suitable geometric framework in which
the Evans function method will operate successfully. For example the HS-
pulse system of Section 6.1 is in fact an induced system on A*(C*) (derived
in [5]), whereas the Taylor-Goldstein system of Section 6.2 is not. Yet they are
both amenable to our analysis because they are of our standard format, and
they both yield numerical results following patterns in support of the central

conjecture.
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7.3 Future work directions

e As a final thought, it may be worth considering how to deconstruct C" in an
analogous manner using bundle structures others than the U(1)-Hopf bundle
chosen here. For example what about the quaternion-based SU(2)-Hopf bun-
dle 83 — S — S or indeed other generalized Hopf fibrations? Could this
lead to a more complicated multi-dimensional phase quantity? Or perhaps we
can extend the analysis to include the general case principal U(k)-bundle of
the Stiefel manifold over the Grassmannian, U(k) — Stc(k,n) — Gre(k,n),

of which our work is just the simplest, n = 1 case.

It may well transpire that the most realistic method for continuing to investi-
gate the topics reported in this thesis will be to carry out a whole host of detailed
numerical experiments such as those listed above, in order to gradually build up a
reliable picture of the numerical properties of the Hopf phase quantity. It is envis-
aged that this approach could eventually lead to a level of insight sufficient to begin
forming the concrete mathematical characterization of the phase quantity required
for any scientifically rigorous statements to be made and - hopefully - applied to

real physical systems in future.
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